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Abstract
We construct invertible field theories generalizing abelian prequantum spin Chern-Simons
theory to manifolds of dimension 4` ` 3 endowed with a Wu structure of degree 2` ` 2. After
analysing the anomalies of a certain discrete symmetry, we gauge it, producing topological field
theories whose path integral reduces to a finite sum, akin to Dijkgraaf-Witten theories. We take
a general point of view where the Chern-Simons gauge group and its couplings are encoded in
a local system of integral lattices.
The Lagrangian of these theories has to be interpreted as a class in a generalized cohomol-
ogy theory in order to obtain a gauge invariant action. We develop a computationally friendly
cochain model for this generalized cohomology and use it in a detailed study of the properties
of the Wu Chern-Simons action. In the three-dimensional spin case, the latter provides a defi-
nition of the "fermionic correction" introduced recently in the literature on fermionic symmetry
protected topological phases.
In order to construct the state space of the gauged theories, we develop an analogue of
geometric quantization for finite abelian groups endowed with a skew-symmetric pairing.
The physical motivation for this work comes from the fact that in the ` “ 1 case, the
gauged 7-dimensional topological field theories constructed here are essentially the anomaly
field theories of the 6-dimensional conformal field theories with (2,0) supersymmetry, as will be
discussed elsewhere.
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1 Introduction and summary
Gauge invariance requires the coupling of three-dimensional Up1q Chern-Simons theories, tra-
ditionally called the level, to be an integer in suitable units. On spin manifolds, thanks to
the evenness of the cup product pairing in dimension 4, one can define Chern-Simons theories
with half-integer level, the so-called spin Chern-Simons theories. More generally, an abelian
(classical) Chern-Simons theory, with its gauge group and couplings, can be encoded in an even
lattice, while the same data for an abelian spin Chern-Simons theory is encoded in an arbitrary
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integral lattice [1]. The abelian gauge group is the torus pΛ bZ Rq{Λ, and the couplings are
determined by the lattice pairing.
Abelian Chern-Simons theories have higher dimensional analogues involving higher degree
abelian gauge fields. The quadratic theories involving degree 2` ` 1 abelian gauge fields live
in 4` ` 3 dimensions. In Section 5, we construct at the classical/prequantum level the higher
dimensional analogues of spin Chern-Simons theories. The spin structure gets generalized to
a degree 2` ` 2 Wu structure, which can be understood as follows. A spin structure can be
pictured as a trivialization of the degree 2 Wu class ν2 :“ w2, which coincides with the second
Stiefel-Whitney class. A degree 2`` 2 Wu structure is a trivialization of the degree 2`` 2 Wu
class ν2``2, a certain polynomial in the Stiefel-Whitney classes. Like in three dimensions, the
gauge group and couplings of the theory can be specified by an arbitrary integral lattice Λ.
In fact, we generalize the discussion to theories associated to a local system Λ¯ of lattices over
spacetime. We will come back later to the motivation for this generalization.
The rest of the paper is devoted to field theories obtained from the prequantum theories
by the gauging of the action of the discrete group Γ :“ Λ˚{Λ. These theories have finite
dimensional state spaces and their path integrals reduce to finite sums, as happens for Dijkgraaf-
Witten theories [2, 3, 4]. They are however clearly distinct from the latter. For instance the
dimensions of the state spaces of the Γ-valued higher Dijkgraaf-Witten theory and of the theories
constructed here on a closed 4` ` 2-dimensional manifold are respectively |H2``1pM,Γq| and
|H2``1pM,Γq|1{2. The full quantization of Wu Chern-Simons theories, which would require
the gauging of the full group pΛ bZ Rq{Λ, is not treated in the present paper. Quantum spin
Chern-Simons theories in three dimensions have been studied in [1] for abelian gauge groups
and in [5] for non-abelian gauge groups.
We construct the Euclidean field theories described above in the Atiyah-Segal framework, by
associating a Hilbert space to each closed 4`` 2-dimensional manifolds (endowed with suitable
structure) and a vector to each 4` ` 3-dimensional manifold with boundary. We prove that
these associations define field theory functors in Theorems 5.8 and 10.5.
Relation to 6d SCFTs The main motivation for the present work is the study of anomalies
in six-dimensional (2,0) superconformal field theories (6d SCFTs). A d-dimensional anomalous
field theory F can be pictured elegantly as a field theory taking value in a d`1-dimensional field
theory A, the anomaly field theory, which contains all the information about the anomalies of F
[6, 7]. The results of [8] suggest that the anomaly field theories of the 6d SCFTs are essentially
the 7-dimensional discretely gaugedWu Chern-Simons theories constructed in the present paper.
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This claim will be developed in a future paper.
The existence of these gauged theories and their link to the 6d SCFTs was previously
suggested in Section 4 of [9].
This relation also provides the motivation for considering Chern-Simons theories associated
to local systems of lattices. Indeed, the lattice Λ is essentially the charge lattice of the 6d SCFT,
and situations where this charge lattice is a non-trivial local system over spacetime are relevant,
leading for instance to gauge theories with non simply laced gauge groups upon reduction to
four or five dimensions [10].
Action from generalized cohomology Maybe one of the most interesting aspect of the
theories constructed in the present paper is that their Lagrangians naively fail to be gauge
invariant. More precisely, the Lagrangian is a top R{Z-valued cocycle on spacetime. One
may construct a naive action Snaive by integrating this cocycle over the spacetime manifold.
However, under a (large) gauge transformation of the Chern-Simons gauge field, exp 2piiSnaive
may change by a sign.
The solution to this problem is the following. The Lagrangian determines a degree 4``3 class
in a generalized cohomology theory, known as E-theory [11, 12]. We construct a "fundamental
E-homology class" associated to a 4` ` 3-dimensional Wu manifold, and show that the action
obtained by pairing the Lagrangian with this class is gauge invariant. We also develop in
Appendix D a non-abelian cochain model for E-theory that allows for concrete computations.
We use it to study the action in detail in Sections 4 and 7.
Chern-Simons actions are often constructed as the integral of a top differential form on a
manifoldW bounded by the spacetimeM . This approach is fine in three dimensions, where such
bounded manifolds always exists, but is deficient in higher dimensions, where some spacetimes
are not boundaries. We show in Section 4.4 that in cases where the spacetime is a boundary, our
action can be reexpressed as the integral of a top differential form on W . Another formalism
expressing the spin Chern-Simons action without using a bounding four-manifold involves eta
invariants [11], but does not generalize straightforwardly above three dimensions.
The same type of actions appeared in the literature on fermionic symmetry protected topo-
logical orders [13, 14]. The lack of gauge invariance of the naive action was noted, and solved
by invoking a "fermionic correction" to the action, which cannot be expressed as the integral of
a top (ordinary) cohomology class. Our framework in terms of generalized cohomology can be
seen as providing a precise definition for this fermionic correction. The relevance of generalized
cohomology to this problem was previously suggested in [15].
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The action as a quadratic refinement Another interesting characteristic of the action on
a closed 4`` 3-dimensional manifold M is that when restricted to flat gauge fields, it coincides
with the pullback of a quadratic refinement of the linking pairing on the torsion cohomology
group H2``2tors pM ; Λ¯q with value in the local system Λ¯. This quadratic refinement generalizes
classical constructions for three-dimensional spin manifolds [16] and on 4` ` 3-dimensional
boundaries [17, 18]. Modulo a technical condition that in our context coincides with the absence
of discrete gauge anomalies, quadratic refinements have associated Arf invariants in Z8. These
Arf invariants are topological invariants of 4` ` 3-dimensional manifolds endowed with degree
2``2-Wu structures, generalizing the Rokhlin invariant of spin 3-manifolds. The Arf invariant of
the action should appear as a phase in the partition function of the quantum Wu Chern-Simons
theory.
Geometric quantization of finite groups The construction of the state space of the gauged
theory on a 4` ` 2-dimensional manifold M involves a discrete analogue of geometric quanti-
zation. The problem is the following. Suppose one is given a lattice Θ endowed with a non-
degenerate alternating pairing. Given a finite abelian group Ξ endowed with a non-degenerate
symmetric pairing, we can construct the group G :“ Θ bZ Ξ, which carries an induced non-
degenerate alternating pairing. One can see G as a discrete analogue of a symplectic vector
space and one may be interested in quantizing this structure. The rules of canonical quantiza-
tion apply straightforwardly. The commutative algebra of functions on G gets quantized to the
Heisenberg central extension HeisG of G determined by the alternating pairing. We can take
the Hilbert space to be the unique (up to isomorphism) irreducible representation of HeisG, of
dimension |G|1{2. As in ordinary geometric quantization, most of the subtleties appear when
one asks for a canonical construction of the representation of HeisG.
In our context, G “ H2``1free pM ;Zq bZ Γ0, where Γ0 :“ Λ0˚{Λ0 and Λ0 is the sublattice left
invariant by the monodromy representation of the local system Λ¯. The irreducible representation
of HeisG, or more precisely a direct sum of such representations over certain torsion fluxes, is
the value of the field theory functor on a 4`` 2-dimensional manifold M . We therefore do need
a canonical construction for the functor to be well-defined.
It turns out that the prequantum theory of Section 5 and the Wilson operators of Section
7 provide a copy of the left and right regular representations of HeisG on a vector space V of
dimension |G|. To construct the Hilbert space, we pick a Lagrangian (i.e. maximal isotropic)
subgroup L of G, a direct analogue of a choice of polarization in geometric quantization. We
lift L to a commutative subgroup of L˜ of HeisG and restrict to vectors in V invariant under the
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right action of L˜. The left action of HeisG on this invariant subspace provides a realization of
the irreducible module.
To ensure that the representation constructed in this way is independent of the choice of
lifted Lagrangians, we need to construct a canonical intertwiner for each pair of lifted La-
grangian, with the property that they close under composition. The details of this construction
depends on the arithmetic properties of |G| and are spelled out in Section 8. In certain cases, ex-
tra structures restricting the set of allowed lifted Lagrangians are required for this construction
to be possible, signalling a Hamiltonian anomaly of the theory.
This problem was studied in the case of symplectic vector spaces over finite fields by Gurevich
and Hadani [19, 20].
Quadratic refinements Amusingly, quadratic refinements (see the definition in Appendix
A) appear in four distinct contexts in the present work. We already mentioned that the action
is a quadratic refinement of the linking pairing of the 4`` 3-dimensional spacetime.
A quadratic refinement of the Z2 valued pairing on H2``1free pM ; Λ¯q{2H2``1free pM ; Λ¯q appears in
the construction of the Wilson operators in Section 7. It Arf invariant, valued in t0, 1{2u, is a
cobordism invariant of 4``2-dimensional manifolds endowed with a degree 2``2 Wu structure,
generalizing Atiyah’s Arf invariant of spin structures [21].
In Section 8, we use quadratic refinements to characterize the lifts of Lagrangian subgroups
of G to commutative subgroups of HeisG. In the same section, certain quadratic refinements are
part of the extra structure needed on 4`` 2-dimensional manifolds to resolve the Hamiltonian
anomaly of the gauged Wu Chern-Simons theories.
QuantumWu Chern-Simons theories The present work lays the foundations for the study
of quantum Wu Chern-Simons theories, which were classified in the three dimensional case in
[1]. One of the main results of [1] (see also [22]) was the quantum equivalence of certain distinct
classical spin Chern-Simons theories. It would be very interesting so see how these equivalences
generalize to higher dimensions. However we do not touch this problem in the present paper.
We can nevertheless note the following difference with the analysis of [1]. There, essentially
due to the fact that any 3-manifold bounds, no spin structure was required to define the Chern-
Simons theories associated to even lattices. As we explain in Section 12.2, this is not necessarily
true in higher dimensions, and only theories associated to lattices with 2Z-valued pairings are
guaranteed to be well-defined without a Wu structure. Manifolds carrying a local system of
even lattices have a preferred Wu structure, but the prequantum theory may be anomalous
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with this Wu structure, what would prevent quantization.
Organization of the paper In Section 2, we describe the structures required on spacetime
for the definition of the field theories of interest here. In Section 3, we describe the classical
Chern-Simons gauge fields, as well as the discrete gauge fields appearing in the gauged theories.
We model gauge fields using differential cocycles with value in local systems of lattices. We
also describe the measure of the discrete path integral over the discrete gauge fields, which is
analogous to the measure entering (higher) abelian Dijkgraaf-Witten theory [2, 4].
In Section 4, we define the Lagrangian of the theory, and remark that the corresponding
naive action fails to be gauge invariant. We show how this problem is solved by seeing the
Lagrangian as defining a class in a generalized cohomology. We show that on boundaries, the
action admits a formula in terms of differential forms on the bounded manifold. We study the
dependence of the action on the Wu structure and shows that it is the pullback of a quadratic
refinement of the linking pairing on the degree 2``2 torsion cohomology of spacetime. We also
study an anomaly with respect to the discrete symmetry that will later be gauged.
In Section 5, we construct the prequantum theory. After proving a general theorem char-
acterizing field theory functors, we construct the prequantum theory using techniques used
previously in the context of Dijkgraaf-Witten theory [3], suitably generalized for Lagrangians
valued in a generalized cohomology theory. On a 4` ` 2-dimensional manifold, we show that
the state space is trivial unless a condition on the torsion background flux is satisfied. This
condition generalizes similar conditions guaranteeing the absence of a global gauge anomaly in
the self-dual field theory [23, 24]. We prove that the prequantum theory defines a field theory
functor in the sense of Atiyah-Segal in Theorem 5.8.
From Section 6 on, we turn to the construction of the gauged Wu Chern-Simons theories.
We start by defining the partition function, and describe a gauge anomaly that forces it to
vanish on certain manifolds.
In Section 7, we study Wilson operators. We construct them as non-flat field configurations
on cylinders, which allows us to derive their properties from the action principle of the theory.
On a 4` ` 2-dimensional manifold, the group GM :“ H2``1free pM ; Λ¯˚q{H2``1free pM ; Λ¯q is endowed
with a perfect alternating pairing. We show that the Wilson operators form a copy of the
associated Heisenberg group.
In Section 8, we turn to the construction of the state space of the gauged theory. Informally,
the state space is a certain direct sum over torsion background fluxes of irreducible modules for
the Heisenberg group above. Its construction is however rather subtle and involves a discrete
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analogue of geometric quantization, as already discussed above. Like the partition function,
the state space exhibits an anomaly, and in general some extra structure is required on 4`` 2-
dimensional manifolds in order to construct it.
In Section 9, we explain how the path integral over the discrete gauge fields on a 4` ` 3-
dimensional manifold with boundary produces naturally a vector in the state space associated
to the boundary. We encounter here an analogue of the gauge anomaly that was affecting the
partition function.
In Section 10, we prove that the homomorphisms associated to manifolds with boundaries
glue consistently. This involves in particular a non-trivial relation between the partition function
anomaly and the Hamiltonian anomaly of the state space.
In Section 11, we investigate in more detail the Hamiltonian anomaly affecting the state
space. We explain informally how the state space can be constructed without invoking extra
structures on 4``2-dimensional manifolds. The price to pay is that the state space is no longer
a Hilbert space, but rather a "Hilbert space up to the tensor product with a Hermitian line",
more precisely an object in a category linearly equivalent to the category of Hilbert space, but
not canonically so.
In Section 12, we point out some special cases in which our construction simplify. We
show that the anomalies are absent either if the lattice Λ has a 2Z-valued pairing, or if Γ0 has
odd order. In particular, the anomaly is always absent in Up1q Wu Chern-Simons theories,
which correspond to the lattices Λ “ ?2kZ, for k the half-integral level. For k an integer,
corresponding to ordinary Up1q Chern-Simons theories, there is a always a unique Wu structure.
This is consistent with the fact that these theories do not require extra structures on spacetime.
Several appendices introduce concepts used in the main text and prove technical results.
Appendix A reviews pairings on abelian groups, quadratic refinements and their classification.
Appendix B reviews the various cup product pairings used in the main text, as well as the
linking pairing. We show that a 4``3-dimensional manifold determines a Lagrangian subgroup
of the cohomology of its boundary for various cohomology groups.
Appendix C contains the definition of Wu classes and Wu structure for cohomology with
value in a local system of lattices. We also review the higher cup products of Steenrod. In
Appendix D, we define E-theory, the generalized cohomology relevant for the construction of the
action. We construct a non-abelian cochain model for E-theory and construct a fundamental E-
theory class that allows us to integrate top E-cohomology classes on Wu manifolds. In Appendix
E, we define the bordism categories that are the domains of the field theory functors constructed
here. In Appendix F and G, we review some basic facts about Heisenberg groups and 2-groups.
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2 Background structures
Let Λ be an n-dimensional integral Euclidean lattice and let Λ˚ be the dual lattice. The Z-
valued pairing on Λ can be extended to a Q-valued pairing on Λ˚. Γ “ Λ˚{Λ is a finite abelian
group, endowed with a pairing p‚, ‚qΓ : Γ ˆ Γ Ñ Q{Z induced from the pairing on Λ˚ modulo
1. p‚, ‚qΓ is perfect, which means that it induces an isomorphism between Γ and its group
of characters, see Appendix A. Write Γp2qdeg :“ Λ{2Λ endowed with the 12Z{Z-valued pairing
induced by half the pairing on Λ modulo 1. Let Γp2q be the quotient of Γp2qdeg by the radical of
the pairing. Γp2q is endowed with a perfect pairing as well.
The theories we will construct are 4``3-dimensional field theories defined on smooth oriented
compact manifolds, possibly with boundary, endowed with the following data:
1. An orthogonal local system Λ¯ of lattices with fibers isometric to Λ. "Orthogonal" means
that its structure group isOpΛq, the finite group of automorphisms of the lattice preserving
its pairing (see Appendix B).
2. A degree 2`` 2 Wu structure relative to Γ¯p2q, as defined in Appendix C.
Because of an anomaly, a third piece of data is actually required on 4``2-dimensional manifolds
if a certain subgroup Γ0 of Γ has even order, as will be discussed Section 8.2. Moreover,
some constraints have to be imposed on the Wu structures of 4`` 2-dimensional manifolds, as
explained in Sections 4.6 and 7.3.
In the following, we will call the data above on a manifold M a W-structure, including the
orientation, the smooth structure and the compactness assumption. Such manifolds will be
referred to as W-manifolds and unless otherwise noted, all the manifolds will be assumed to be
W-manifolds. Λ¯ induces local systems of groups Γ¯ and Γ¯p2q with respective fibers Γ and Γp2q.
A W-manifold also carries a flat vector bundle V :“ Λ¯bZ Rn.
We now collect a few remarks about Wu structures, most of them derived from the discussion
in Appendix C.
• The Wu structures on M are classified by homotopy classes of maps from M into a
classifying space BSOrΓp2q, 2`` 2s defined in Appendix C, subject to a constraint.
• As explained in Appendix C, we endow the classifying space of Wu structures with a pair
of cochains pηˆ, νˆq valued in Γ¯p2q and satisfying dηˆ “ νˆ. These cochains can be pulled back
to any W-manifold M through its classifying map. (We use the same notation for the
pulled-back cochains.) νˆ is a cocycle representing the (trivial) Wu class on M , and the
cochain ηˆ encodes the choice of Wu structure.
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• Any smooth compact oriented manifold of dimension 4`` 3 or less can be given a degree
2`` 2 Wu structure relative to any local system Λ¯.
• The set of degree 2` ` 2 Wu structures on a closed manifold M is a torsor for
H2``1pM ; Γ¯p2qq. Under a change of Wu structure associated to a class in H2``1pM ; Γ¯p2qq,
the cochain ηˆ changes by a cocycle representing this cohomology class.
• A direct corollary of the above is that if the pairing on Λ is valued in 2Z, Γp2q is the trivial
group and there is a unique Wu structure. In this case, the latter plays no role and we
may as well drop it from the definition of W-manifolds.
• If the pairing on Λ is even, then νˆ “ 0, so ηˆ is closed. There is a preferred Wu structure
corresponding to ηˆ representing the trivial class in H2``1pM ; Γ¯p2qq. In other words, the
torsor of Wu structures is canonically trivialized.
• If Λ¯ is the trivial local system with fiber Z with the generator having norm 1, a Wu
structure in the sense above coincides with a Wu structures in the sense of [18, 17, 25]. If
moreover ` “ 0, then a Wu structure is simply a spin structure.
A morphism φ from a W-manifold M to a W-manifold N is an orientation-preserving
diffeomorphism from M to N preserving the W-structures. By this, we mean first that the
local systems Λ¯M and Λ¯N over M and N are related by Λ¯M “ φ˚pΛ¯N q. Second, the maps
ωM and ωN classifying the Wu structures on M and N are such that ωN ˝ φ is homotopic to
ωM . A pair pM,Nq of W-manifolds is a W-manifold M with a submanifold N endowed with a
W-structure such that the inclusion N ãÑM is a morphism in the sense above.
3 Fields
3.1 Cohomology groups associated to a local system of lattices
Consider the setup of Section 2. We have the following square of short exact sequences of
abelian groups
Λ Λ˚ Γ
Λ Rn Rn{Λ
1 Rn{Λ˚ Rn{Λ˚
(3.1)
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We have a corresponding square of exact sequences where the groups Λ and Λ˚ are replaced by
the local systems Λ¯ and Λ¯˚ and Rn is replaced with the vector bundle V . The latter square
induces a corresponding grid of long exact sequences for the relative cohomology of a pair
N Ă M of W-manifolds (for space reasons, we suppress the labels pM,Nq in the cohomology
groups):
... ... ... ...
... HppΛ¯q HppΛ¯˚q HppΓ¯q Hp`1pΛ¯q ...
... HppΛ¯q HppV q HppV {Λq Hp`1pΛ¯q ...
... 1 HppV {Λ˚q HppV {Λ˚q 1 ...
... ... ... ...
ιΛ
id
ρΛ˚
ιΛ˚ ι ιΓ
βΓ
ιΛ˚˝ιΛ β (3.2)
We have named some of the homomorphisms for future reference.
We define the torsion subgroup HptorspM,N ; Λ¯˚q “ kerpιΛ˚q Ă HppM,N ; Λ¯˚q, and let
HpfreepM,N ; Λ¯˚q :“ HppM,N ; Λ¯˚q{HptorspM,N ; Λ¯˚q be the free quotient. We use similar no-
tations for the cohomology groups valued in Λ¯.
3.2 Differential cochains valued in local systems
We need a slight generalization of the concept of differential cocycle introduced in [26] (see also
[27]), adapted to our setup involving local systems of lattices. Let N Ă M be a pair of W-
manifolds, with M possibly having a boundary and N disjoint from BM . If N “ H, we follow
the usual convention and omit the corresponding label. Let CppM,N ; Λ¯q and CppM,N ;V q be
the groups of degree p smooth singular cochains on M valued in Λ¯ and V , respectively, and
vanishing on N . Let ΩppM,N ;V q be the group of degree p smooth differential forms on M
valued in V and vanishing on N . Consider the abelian group
CˇppM,N ; Λ¯q :“ CppM,N ; Λ¯q ˆ Cp´1pM,N ;V q ˆ ΩppM,N ;V q , (3.3)
the group of differential cochains on M relative to N . We write differential cochains with a
caron: cˇ P CˇppM,N ; Λ¯q, while ordinary cochains and differential forms are written with a hat:
cˇ “ paˆ, hˆ, ωˆq. We call aˆ “: rcˇsa the characteristic, hˆ “: rcˇsh the connection and ωˆ “: rcˇsω the
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curvature of cˇ. A differential cochain is flat if its curvature vanishes. It is topologically trivial
if its characteristic vanishes.
We define a differential on CˇppM,N ; Λ¯q by
dpaˆ, hˆ, ωˆq “ pdaˆ, ωˆ ´ dhˆ´ aˆ, dωˆq . (3.4)
In the connection component of the right hand side, we used implicitly the homomorphisms
CppM,N ; Λ¯q Ñ CppM,N ;V q and ΩppM,Nq Ñ CppM,N ;V q, where the latter map is given
by integration over the simplices. We define the group ZˇppM,N ; Λ¯q :“ kerpdq of degree p
differential cocycles as the group of closed differential cochains.
We define a groupoid structure on ZˇppM,N ; Λ¯q, by having an arrow from cˇ1 to cˇ2 if and only
if cˇ2´ cˇ1 “ deˇ, for eˇ “ pbˆ, jˆ, 0q a flat differential cochain vanishing on N \BM . In components:
aˆ2 “ aˆ1 ` dbˆ , hˆ2 “ hˆ1 ´ djˆ ´ bˆ , ω2 “ ω1 . (3.5)
Equivalently, the groupoid ZˇppM ; Λ¯q is the action groupoid with respect to the action (3.5).
The group of components of the groupoid ZˇppM,N ; Λ¯q is the group of degree p differential
cohomology classes HˇppM,N ; Λ¯q on M relative to N . We write differential cohomology classes,
and cohomology classes in general, as lower cases without accents. If aˆ or cˇ are cocycles, a or c
are the corresponding cohomology classes.
A flat differential cocycle cˇ “ paˆ, hˆ, 0q P ZˇppM,N ; Λ¯q satisfies aˆ “ ´dhˆ, which means that
the image of a in HppM,N ;V q “ HppM,N ; Λ¯q bZ R vanishes. Therefore a is a torsion class in
HppM,N ; Λ¯q.
We can define a cup product on the groups of differential cochains as follows [26, 27]:
Y : CˇppM,N ; Λ¯q ˆ CˇqpM,N ; Λ¯q Ñ Cˇp`qpM,N ;Zq (3.6)
cˇ1 Y cˇ2 “ paˆ1 Y aˆ2, p´1qdega1 aˆ1 Y hˆ2 ` hˆ1 Y ωˆ2 `HY^ pωˆ1, ωˆ2q, ωˆ1 ^ ωˆ2q
Cˇp`qpM,N ;Zq is the group of differential cochains valued in the trivial Z-local system. The
cup products on the right-hand side are the ones associated to the pairings on Λ and Rn, see
Appendix B. ^ is the wedge product of forms. The wedge product is homotopically equivalent to
the cup product, andHY^ is any choice of equivalence, i.e. a homomorphism from Ω‚pM,N ;V qˆ
Ω‚pM,N ;V q to C‚pM,N ;V q satisfying
dHY^ pωˆ1, ωˆ2q `HY^ pdωˆ1, ωˆ2q ` p´1qdegω1HY^ pωˆ1, dωˆ2q “ ωˆ1 ^ ωˆ2 ´ ωˆ1 Y ωˆ2 . (3.7)
In the first term on the right-hand side, we first perform the wedge product and see the resulting
form as a cochain. In the second one, we first see ωˆ1 and ωˆ2 as cochains and take their cup
product. The cup product (3.6) passes to a well-defined cup product in differential cohomology.
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3.3 Background fields
The domains of the field theory functors to be constructed will be W-manifolds endowed with
a differential cohomology class, a "background gauge field" in physical parlance. We introduce
here the relevant notation.
We define ZM,N :“ Zˇ2``2pM,N ; Λ¯q and YM,N :“ Hˇ2``2pM,N, Λ¯q. We write ZM,N,wˇ Ă
ZM,N for the subgroupoid consisting of differential cocycles restricting to wˇ P ZBM on BM .
Similarly, we define the subgroup YM,N,wˇ Ă YM,N consisting of differential cohomology classes
restricting to wˇ on BM . (Recall that the arrows in the groupoid of differential cocycles are
all relative to BM .) ZM,N,wˇ and YM,N,wˇ are torsors for ZM,N,0ˇ and YM,N,0ˇ, where 0ˇ denotes
the vanishing differential cocycle on BM . Writing P :“ N \ BM , we have ZM,N,0ˇ “ ZM,P and
YM,N,0ˇ “ YM,P . There are short exact sequences [26, 27]:
0 Ω2``1pM,P ;V q{Ω2``1Λ pM,P ;V q YM,P H2``2pM,P ; Λ¯q 0
r‚sa
(3.8)
0 H2``1pM,P ;V {Λ¯q YM,P Ω2``2Λ pM,P ;V q 0
r‚sω (3.9)
where Ω2``2Λ pM,P ;V q denotes the subgroup of differential forms valued in V whose periods
over Λ¯˚-valued cycles are integral.
We also define ZflatM,N Ă ZM,N , the subgroupoid of flat differential cocycles. YflatM,N Ă YM,N
is the subgroup of flat differential cohomology classes. ZflatM,N,wˇ :“ ZflatM,N X ZM,N,wˇ, YflatM,N,wˇ :“
YflatM,N X YM,N,wˇ, for wˇ P ZflatBM . The short exact sequence (3.9) shows that
YflatM,P » H2``1pM,P ;V {Λ¯q . (3.10)
If x P YflatM,P , with a representative cocycle xˇ “ paˆ, hˆ, 0q, then βpxq “ ´a, see (3.2). The image
of β is H2``2tors pM,P ; Λ¯q.
A W-manifold M endowed with a flat differential cocycle in ZflatM will be called a pW,Zflatq-
manifold for brevity.
3.4 Discrete gauge fields
The field theories to be constructed involve a quotient operation with respect to the action of
discrete groups on YflatM,N . In physical parlance, they are obtained through the gauging of a
discrete symmetry. We describe here these discrete actions.
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Let FM,N be the subgroupoid of ZflatM,N defined as follows. Its objects are flat differential
cocycles paˆ, hˆ, 0q P ZflatM,N satisfying the following discreteness constraint on their connection:
hˆ P C2``1pM,N ; Λ¯˚q Ă C2``1pM,N ;V q . (3.11)
Its arrows are the flat differential cochains pbˆ, jˆ, 0q of degree 2`` 1 vanishing on BM , satisfying
the analogous constraint
jˆ P C2`pM,N ; Λ¯˚q . (3.12)
We write EM,N for the group of components of FM,N .
As above, if wˇ P FBM , we will write FM,N,wˇ for the subgroupoid of FM,N consisting of
differential cocycles restricting to wˇ on BM . We write EM,N,wˇ for the corresponding group of
components. EM,N,wˇ is a torsor for the finite abelian group EM,N,0ˆ. EM,N “
Ť
wˇPFBM EM,N,wˇ is
an abelian group and is finite if and only if M is closed. (We assume that an empty boundary
carries a unique vanishing cocycle.)
In the rest of this section, we study the structure of EM,N,0ˇ » EM,P , P :“ N \ BM . This
yields the structure of EM,N,wˇ and EM,N by the remarks above.
Proposition 3.1. We have an isomorphism
EM,P » H2``1pM,P ; Γ¯q (3.13)
Proof. Suppose x P EM,BM and pick a cocycle representative xˇ “ paˆ, hˆ, 0q P FM . Then yˆ :“ hˆ
mod Λ is a Γ¯-valued cocycle, associated to a class y P H2``1pM, BM ; Γ¯q.
Conversely, let y P H2``1pM, BM ; Γ¯q. Pick a cocycle representative yˆ in Z2``1pM ; Γ¯q van-
ishing on BM . Lift it to a cochain hˆ P Z2``1pM ; Λ¯˚q vanishing on BM . Then aˆ :“ ´dhˆ P
Z2``1pM ; Λ¯q and vanishes on BM . Hence xˇ :“ paˆ, hˆ, 0q P FM,0ˆ and its equivalence class is
independent of the choices of lifts.
The two maps above are inverse of each other, which proves the proposition.
Let us write KM,P for the image of βΓ in H2``2pM,P ; Λ¯q and GM,P for the image of ι, see
(3.2). Let us define in addition CM,P :“ H2``1pM,P ; Λ¯˚q{ιΛpH2``1pM,P ; Λ¯qq and TM,P :“
H2``1tors pM,P ; Λ¯˚q{ιΛpH2``1pM,P ; Λ¯qq.
Corollary 3.2. 1. The Bockstein map βΓ vanishes on ρΛ˚pCM,P q and β vanishes on GM,P .
2. GM,P is isomorphic to H2``1free pM,P ; Λ¯˚q{ιΛpH2``1free pM,P ; Λ¯qq, so there is a short exact
sequence
0 TM,P CM,P GM,P 0
ι (3.14)
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3. EM,P fits in the short exact sequence
0 CM,P EM,P KM,P 0
ρΛ˚ βΓ (3.15)
4. If x P EM,P has a representative xˇ “ paˆ, hˆ, 0q P FM,0ˆ, then βΓpxq “ ´a. If moreover,
aˆ “ 0, x is the image of h P H2``1pM,P ; Λ¯˚q in CM,P .
Proof. The first two statements follow easily by diagram chasing on (3.2) and the definitions of
the torsion and free part of the cohomology. Using in addition Proposition 3.1 yields the third
statement. The fact that βΓpxq “ ´a is a direct consequence of the definition of the Bockstein
map βΓ and the fact that aˆ “ ´dhˆ.
Proposition 3.3. There is an action of EM,N on YflatM,N , whose stabilizer is TM,N .
Proof. There is an obvious action of FM,N on ZflatM,N given by the addition of differential cocycles.
This action passes down to an action of EM,N on YflatM,N . Moreover, as a differential cocycle in
FM,N is exact in ZflatM,N if and only if it projects to TM,N Ă EM,N , TM,N is the stabilizer.
The following proposition describes in more detail the structure of GM,P . Let Λ0 be the
sublattice of Λ left invariant by the monodromy representation ρ : pi1pMq Ñ OpΛq defining the
local system Λ¯. Let Γ0 :“ Λ0˚{Λ0.
Proposition 3.4. We have:
GM,P » H2``1free pM,P ;Zq b Γ0 . (3.16)
Proof. Recall thatOpΛq is a finite group. This means that there is a finite covering M˜ piÑM such
that the pullback pi˚V is trivial. Cohomology classes in H2``1pM,P ;V q can be represented by
closed equivariant differential forms on M˜ valued in pi˚V modulo exact equivariant differential
forms. The equivariant structure is the one defined by ρ.
Write V0 for the (trivial) subbundle of V left invariant by ρ. Clearly, H2``1pM,P ;V0q Ă
H2``1pM,P ;V q. This inclusion would be strict if there were some equivariant forms on M˜
valued in pi˚V that would be exact but not equivariantly exact. But as the covering M˜ is finite,
any non-equivariant trivializing form can be made equivariant by averaging over the monodromy
action. We have therefore an isomorphism H2``1pM,P ;V0q » H2``1pM,P ;V q.
The above implies immediately that H2``1free pM,P ; Λ¯q » H2``1free pM,P ; Λ0q »
H2``1free pM,P ;Zq b Λ0, and similarly H2``1free pM,P ; Λ¯˚q » H2``1free pM,P ;Zq b Λ0˚ . This yields
the isomorphism (3.16).
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3.5 Measure
The gauging procedure amounts to summing the prequantum field theory functor over the
action of Proposition 3.3, with a normalization factor that we describe here. Alternatively, this
procedure can be interpreted as a finite path integral over the discrete gauge fields of Section
3.4. The normalization factor derived here can then be understood as a measure factor for the
path integral [3, 4].
We consider again a pair N Ă M of W-manifolds with N disjoint from BM . We write
P :“ N \ BM and define EpM,N to be the group of equivalence classes of the groupoid
Zˇ2``2`ppM,N ; Λ¯q, so EM,N “ E0M,N . The arguments of Proposition 3.1 show that EpM,P »
H2``2`ppM,P ; Γ¯q. The long exact sequence in Γ¯-valued cohomology associated to the pair
pM,Nq immediately yields:
Lemma 3.5. There is a long exact sequence:
... E´1M,N\BM E
´1
M,BM E
´1
N EM,N\BM EM,BM ...
ρN δ ιN,M
(3.17)
where ρN is the restriction to N , ιN,M is induced by the inclusion Zˇ‚pM,N ; Λ¯q Ă Zˇ‚pM ; Λ¯q
and δ is the connection homomorphism.
We define the following measure factor:
µM,N “
2``1ź
p“1
|E´pM,N\BM |p´1q
p P Q , (3.18)
where |G| denotes the order of a finite group G. As usual, we write simply µM for µM,H. We
now prove a proposition that will be instrumental in the proof of the gluing formula for the
gauged theories in Section 10.
Proposition 3.6. Using the notation of (3.17), we have
|kerpιN,M q| “ µM
µN µM,N
. (3.19)
Proof. The long exact sequence (3.17) implies that
|kerpιN,M q| “ |impδq| “ |E
´1
N |
|kerpδq|
“ |E
´1
N ||kerpρN q|
|E´1M,BM |
(3.20)
“ ...
Continuing in this way until we reach the left end of the sequence at p “ 2``1 yields (3.19).
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Remark 3.7. The reader may wonder why we defined discrete gauge fields on M to be valued
in EM,BM , with their action admitting a non-trivial stabilizer TM,BM . It may look like we might
as well have took them to be valued in EM,BM{TM,BM with a free action. The reason for this
definition is the need for the long exact sequence (3.17), leading to the formula (3.19). There
is no analogue of (3.19) if the action of the discrete gauge fields is taken to be free.
4 Action
In this section we define the action of the theories to be constructed, which is a function on the
group ZM of differential cocycles of degree 2`` 2 on spacetime.
4.1 Lagrangian and E-theory
Let M be an W-manifold of dimension 4` ` 3, possibly with boundary. Recall that it comes
with a Γ¯p2q-valued cochain ηˆ trivializing the Wu cocycle. Let ηˆΛ be any lift of this cochain to
C2``1pM ; Λ¯q. Define νˇ “ pdηˆΛ,´ηˆΛ, 0q P ZM . Let xˇ P ZM be a differential cocycle and write
xˇ “ paˆ, hˆ, ωˆq.
Consider the differential cocycle xˇ Y pxˇ ` νˇq and let lˆpxˇq be the R{Z-valued degree 4` ` 3
cochain given by half its connection modulo 1:
lˆpxˇq :“ 1
2
rxˇY pxˇ` νˇqsh (4.1)
“ 1
2
aˆY phˆ´ ηˆΛq ` 1
2
hˆY ωˆ ` 1
2
HY^pωˆ, ωˆq mod 1 ,
where on the second line, we made explicit the cup product of differential cochains. In the
following, all the equalities involving lˆ are to be understood modulo 1 and we will drop this
indication from the notation. lˆpxˇq is the Lagrangian of the field theories to be constructed, in
the sense that the action will be given by a suitable integral of lˆpxˇq over spacetime.
lˆ is independent modulo 1 of the choice of lift ηˆΛ, as any other choice of lift would differ
by twice a cocycle valued in Λ¯. We now investigate the dependence of lˆpxˇq on the differential
cocycle xˇ. From (4.1), we have
lˆpxˇ1 ` xˇ2q “ lˆpxˇ1q ` lˆpxˇ2q
` 1
2
paˆ1 Y hˆ2 ` aˆ2 Y hˆ1 ` hˆ1 Y ωˆ2 ` hˆ2 Y ωˆ1 (4.2)
`HY^pωˆ1, ωˆ2q `HY^pωˆ2, ωˆ1qq .
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Suppose now that wˇ “ pbˆ, kˆ, 0q is a flat differential cochain of degree 2` ` 1 vanishing on BM .
Then
lˆpxˇ` dwˇq ´ lˆpxˇq “ ∆1 lˆ `∆2 lˆ , (4.3)
∆1 lˆ “ 1
2
´
aˆY p´bˆ´ dkˆq ` dbˆY hˆ´ p´bˆ´ dkˆq Y ωˆ
¯
“ 1
2
´
aˆY bˆ` bˆY aˆ
¯
` exact , (4.4)
∆2 lˆ “ 1
2
´
dbˆY p´bˆ´ dkˆ ´ ηˆΛq
¯
“ 1
2
´
bˆY pdbˆ` νˆΛq
¯
` exact , (4.5)
where we split the variation into two terms for notational convenience and wrote dηˆΛ “ νˆΛ.
"Exact" means exact terms vanishing on BM . We also used the fact that lˆ is defined modulo 1
and that the first terms in (4.4) and (4.5) are valued in 12Z to eliminate some irrelevant signs.
The variation vanishes on BM .
Remark 4.1. (4.4) and (4.5) show that lˆ does not vary by an exact term when xˇ is varied
within its equivalence class. This means that the naive action
Snaivepxˇq “ xlˆpxˇq, rM, BM sy mod 1 , (4.6)
defined as the pairing of lˆ with the fundamental class of rM, BM s and seen as a function on
ZM , does not factor through a function on the group of components YM . Its value can change
by a half-integer when xˇ is changed to an equivalent differential cocycle. In physical terms,
the action (4.6) fails to be gauge invariant, and the failure of gauge invariance is a sign in the
exponentiated action.
The key to solve the problem mentioned in Remark 4.1 is to see lˆ as defining a class in a
generalized cohomology theory. In Appendix D, we describe a family of generalized cohomology
theories called E-theories. Certain members have been described previously in [11, 12]. We show
in the appendix that the E-cohomology associated to the (parametrized) spectrum EνrΓp2q, 2``
1s admits the following cochain model on aW-manifoldM . The space of E-cochains is C¯pν pMq :“
CppM ;R{Zq ˆ Cp´2`´1pM ; Γp2qq, endowed with the non-commutative group law ‘ defined in
(D.3). We write E-cochains with a bar: x¯ P C¯pν pMq. One can define a differential d (D.19)
squaring to zero. Elements of the kernel and image of d will be called respectively E-cocycles and
exact E-cocycle. We show in Propositions D.3 and D.5 that the group of E-cocycles quotiented
by the normal subgroup of exact E-cocycles coincides with the E-cohomology group. On a
manifold with boundary, the action of exact E-cocycles is restricted to those vanishing on BM .
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Recall that Γp2q is the quotient of Λ{2Λ by the radical of the induced 12Z{Z-valued pairing.
Γp2q can alternatively be described as the quotient of Λ by the subgroup Λeven consisting of
all the lattice vectors having even scalar product with every vector in Λ. It carries a non-
degenerate 12Z{Z-valued pairing. Let aˆ2 denotes the Γp2q valued cocycle obtained from aˆ using
the projection from Λ to Γp2q. We have
Proposition 4.2. l¯pxˇq :“ plˆpxˇq, aˆ2q defines an EνrΓp2q, 2``1s-cohomology class of degree 4``3.
This cohomology class depends only on the differential cohomology class of xˇ, i.e. it is gauge
invariant.
Proof. We compute using (D.19):
dl¯pxˇq “
´
dlˆpxˇq ` paˆq2 Y ppaˆq2 ` pνˆq2q, 0
¯
“
ˆ
1
2
drxˇY pxˇ` νˇqsh ` 1
2
rxˇY pxˇ` νˇqsa, 0
˙
(4.7)
“
ˆ
1
2
rxˇY pxˇ` νˇqsω, 0
˙
“ 0
where the last equality holds for degree reasons. Therefore l¯ is an E-cocycle and it defines
an E-cohomology class in EνrΓp2q, 2` ` 1s4``3pMq. The variation of lˆpxˇq under changes of the
cocycle representative xˇ of x is described in (4.3)-(4.5). We have:
lˆpxˇ` dwˇq “ lˆpxˇq ` bˆ2 Y pdbˆ2 ` νˆq ` aˆ2 Y bˆ2 ` bˆ2 Y aˆ2 ` dcˆ (4.8)
for some cochain cˆ. Using the relation (C.2) relating the higher cup products, we can rewrite
the last three terms as aˆ2 Y1 dbˆ2 ` dcˆ1 for another cochain cˆ1. The expressions (D.19) for the
differential and (D.3) for the sum of E-cocycles then allow us to deduce that
l¯pxˇ` dwˇq “ l¯pxˇq‘ dc¯ , (4.9)
with c¯ “ pcˆ1, bˆ2q.
4.2 Action
The interest of seeing the Lagrangian as an E-theory class is the following. Given a W-manifold
M of dimensionm ă 4``4, we construct a distinguished R{Z-valued character rM, BM sE on the
generalized cohomology group EνrΓp2q, 2`` 1smpM, BMq, which should be seen as a substitute
for the fundamental homology class in the context of E-theory, see Proposition D.6. This means
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that any relative degree m EνrΓp2q, 2`` 1s-cohomology class on M can be "integrated" over M
by pairing it with rM, BM sE . Specializing to m “ 4`` 3, we define the action by
SpM, xˇq “ xl¯pxˇq, rM, BM sEy P R{Z , (4.10)
where xˇ is a differential cocycle vanishing on BM . This is a pairing in cohomology, so SpM, xˇq
depends only on the E-cohomology class of l¯. As the latter depends only on the differential
cohomology class of xˇ by Proposition 4.2, we have:
Proposition 4.3. The function SpM, ‚q on ZM,BM factors through a function on YM,BM , i.e.
it is gauge invariant.
If xˇ does not vanish on BM , we can only pair l¯pxˇq with a chain representative of rM, BM sE (see
Appendix D). The value of the action (as a complex number) then depends both on the boundary
value of xˇ and on the chain representative of rM, BM sE . We will discuss this dependence in
more detail in Section 5.2.
We define the exponentiated action by
SepM, xˇq “ exp 2piiSpM, xˇq P Up1q . (4.11)
We will not distinguish in notation between SpM, ‚q, SepM, ‚q and the functions they factor
through on equivalence classes of cocycles.
Remark 4.4. The type of action considered here, in the case ` “ 0 and for a trivial local
system, has been recently studied in the condensed matter literature, in the context of fermionic
symmetry protected topological order [13, 14]. The point of view in these papers is to consider
the naive action of Remark 4.1 and to invoke the existence of a "fermionic correction", an extra
term in the action that restore gauge invariance. By definition, this term cannot be expressed
by the integral of an ordinary cohomology class over the manifold. The formalism developed
above using E-theory can be seen as providing a concrete definition of this fermionic correction.
The relevance of generalized cohomology in this context was already noted in [15].
4.3 Dependence on the Wu structure
We show in Appendix C that the set of Wu structures onM is a torsor for H2``1pM, BM ; Γ¯p2qq.
Proposition 4.5 (Change of Wu structure). Suppose the W-manifold M 1 can be obtained from
the W-manifold M by a change of Wu structure associated to δ P H2``1pM, BM ; Γ¯p2qq. Then
SpM 1, xˇq “ SpM, xˇq ´ xpaq2 Y δ, rM, BM sy . (4.12)
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where the second term involves the cup product pairing with coefficients in Γ¯p2q.
Proof. Let δˆ be any lift of δ to a Λ¯-valued cochain. Suppose we made a choice choice of lift
ηˆΛ in the Lagrangian (4.1) on M . Then we may choose the lift ηˆ1Λ :“ ηˆΛ ` δˆ to compute the
Lagrangian on M 1. The new Lagrangian is
lˆ1pxˇq “ lˆpxˇq ´ 1
2
aˆY δˆ . (4.13)
The corresponding E-cochain l¯1pxˇq :“ plˆ1pxˇq, aˆ2q can be written
l¯1pxˇq “ l¯pxˇq‘
ˆ
´1
2
aˆY δˆ, 0
˙
. (4.14)
Remembering that the pairing with the E-homology class coincides with the pairing with the
ordinary homology classes on E-chains of the type psˆ, 0q, we obtain
SpM 1, xˇq “ SpM, xˇq ´ 1
2
xaˆY δˆ, rM, BM sy mod 1 . (4.15)
But the second term modulo 1 coincides with xpaq2 Y δ, rM, BM sy.
4.4 Action on boundaries
We now show that on spacetimes bounded by a 4``4-manifoldW , the action S can be expressed
in terms of differential forms on W .
Assume thatM is a closed W-manifold of dimension 4``3 that is the boundary of a 4``4-
dimensional manifold W , and that the local system of lattices on M , Λ¯M , is the restriction of a
local system of lattices Λ¯W on W . The Wu class ν is in general non-zero on W so W does not
admit a Wu structure. We pick a lift νˆΛ of the Wu cocycle νˆ as a Λ¯-valued cocycle on W and
assume that dηˆΛ “ νΛ|M . (Note that such a lift always exists, because 0 “ tYt “ tYν whenever
t P H2``2pW,M ; Γ¯p2qq is the reduction of an element of H2``2tors pW,M ; Λ¯q, so ν can always be
expressed as the reduction of an element of H2``2pW,M ; Λ¯q.) We extend ηˆΛ to a cochain µˆ
on W . µˆ and νˆΛ can be chosen so that λˆ :“ νˆΛ ´ dµˆ is a smooth cocycle. We therefore have
a differential cocycle νˇ :“ pνˆΛ, µˆ, λˆq. Remark that λˆ vanishes on M , so defines a relative class
λ P H2``2pW,M ;V q. Assume also that xˇ extends to a differential cocycle zˇ “ paˆW , hˆW , ωˆW q
on W .
Proposition 4.6. The action can be computed on W as follows:
SpM, xˇq “ 1
2
A
ωˆW ^ pωˆW ` λˆq, rW,M s
E
mod 1 . (4.16)
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When xˇ P YflatM , ωˆW defines a relative class ωW P H2``2pW,M ;V q and we have the cohomolog-
ical expression
SpM, xˇq “ 1
2
xωW ^ pωW ` λq, rW,M sy mod 1 . (4.17)
Note that to keep the notations uniform we use a cochain notation for the integration map:
1
2
A
ωˆW ^ pωˆW ` λˆq, rW,M s
E
:“ 1
2
ż
W
ωˆW ^ pωˆW ` λˆq (4.18)
This particular degree 4``4 form has appeared before in the context of the self-dual field theory
[28] (see also [17]).
Proof. Let l¯pzˇq “ plˆpzˇq, paˆW q2q, with lˆpzˇq given by (4.1). By the definition of E-chains and
E-cochains in Appendix D, we have
SpM, xˇq “ xl¯pxˇq, rM sEy “ xdl¯pzˇq, rW,M sEy . (4.19)
From (D.19), we have
dl¯pzˇq “
´
dlˆpzˇq ` paˆW q2 Y ppaˆW q2 ` pνˆΛq2q, 0
¯
, (4.20)
because paˆW q2 is closed. As shown in Appendix D, E-cochains of the form s¯ “ psˆ, 0q satisfy
xs¯, rW,M sEy “ xsˆ, rW,M sy. We have therefore
SpM, xˇq “
B
dlˆpzˇq ` 1
2
aˆW Y paˆW ` νˆΛq, rW,M s
F
(4.21)
“ 1
2
xdrzˇ Y pzˇ ` νˇqsh ` rzˇ Y pzˇ ` νˇqsa, rW,M sy (4.22)
“ 1
2
xrzˇ Y pzˇ ` νˇqsω, rW,M sy (4.23)
“ 1
2
A
ωˆW ^ pωˆW ` λˆq, rW,M s
E
(4.24)
modulo 1. The second part of the proposition is immediate.
4.5 Action as a quadratic refinement
In this section, we restricts ourselves to flat differential cocycles: xˇ1, xˇ2 P ZflatM,BM .
Proposition 4.7. SpM, ‚q is a quadratic refinement of the pairing
Lpxˇ1, xˇ2q :“ xaˆ1 Y hˆ2, rM, BM sy mod 1 (4.25)
on ZflatM,BM .
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Proof. We have from (4.2)
l¯pxˇ1 ` xˇ2q “ plˆpxˇ1 ` xˇ2q, paˆ1q2 ` paˆ2q2q (4.26)
“
ˆ
lˆpxˇ1q ` lˆpxˇ2q ` 1
2
aˆ1 Y hˆ2 ` 1
2
aˆ2 Y hˆ1, paˆ1q2 ` paˆ2q2
˙
. (4.27)
On the other hand, we deduce from (D.3) that
l¯pxˇ2q‘ l¯pxˇ2q “
ˆ
lˆpxˇ1q ` lˆpxˇ2q ` 1
2
aˆ1 Y1 aˆ2, paˆ1q2 ` paˆ2q2
˙
, (4.28)
where Y1 is the higher cup product described in Appendix C. Using dhˆi “ ´aˆi and (C.2), we
have
aˆ1 Y1 aˆ2 “ ´hˆ1 Y aˆ2 ` aˆ2 Y hˆ1 ` dphˆ1 Y1 aˆ2q . (4.29)
This means that
l¯pxˇ1 ` xˇ2qa l¯pxˇ2qa l¯pxˇ2q “
ˆ
1
2
aˆ1 Y hˆ2 ` 1
2
hˆ1 Y aˆ2, 0
˙
‘ d
ˆ
1
2
hˆ1 Y1 aˆ2, 0
˙
(4.30)
and
SpM ; xˇ1 ` xˇ2q ´ SpM ; xˇ1q ´ SpM ; xˇ2q “ xaˆ1 Y hˆ2, rM, BM sy , (4.31)
using again the fact that the pairing of E-cochains of the form psˆ, 0q with the fundamental
E-homology class coincides with the pairing of sˆ with the fundamental homology class.
Recall Corollary 3.2 describing the structure of YflatM,BM : given xˆ P ZflatM,BM , the Bock-
stein map β defines an element βpxq P H2``2tors pM, BM ; Λ¯q. Let L˜ be the linking pairing on
H2``2tors pM, BM ; Λ¯q, defined in Appendix B. We have
Proposition 4.8. L passes to a well-defined pairing on YflatM,BM . Moreover, it is the pullback of
L˜ through β.
Proof. ´hˆ2 trivializes the torsion cocycle aˇ2. If a2 has order k, yˆ2 :“ ´khˆ2 is a cocycle
trivializing kaˇ2. We have
Lpxˇ1, xˇ2q “ ´1
k
xaˆ1 Y yˆ2, rM, BM sy mod 1 , (4.32)
which is the linking pairing between the torsion classes a1 and a2, see (B.5). This shows that
L is a pull-back from H2``2tors pM, BM ; Λ¯q and in particular that it factors through a pairing on
YflatM,BM .
Proposition 4.9. On YflatM,BM , SpM, ‚q is the pull-back of a quadratic refinement qM of L˜.
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Proof. Let xˇ1, xˇ2 P YflatM,BM be such that βpx1q “ βpx2q. We can choose the differential cocycles
xˇ1 and xˇ2 such that aˆ1 “ aˆ2. Then xˇ2 “ xˇ1 ` p0, cˆ, 0q, where cˆ P Z2``1pM, BM ;V q and
lˆpxˇ2q “ lˆpxˇ1q ` 12 aˆY cˆ. Therefore
l¯pxˇ2q “ l¯pxˇ1q‘ d
ˆ
´1
2
hˆY cˆ, 0
˙
, (4.33)
and SpM, xˇ2q “ SpM, xˇ1q.
It follows from (4.25) that EM,BM Ă YflatM,BM is the radical of L. Similarly, KM,BM is the
radical of L˜. Basic facts about quadratic refinements reviewed in Appendix A imply that qM is
a Z2-valued character of KM,BM , and similarly that SpM, ‚q is a Z2-valued character of EM,BM .
These quadratic refinements are tame if the corresponding characters are trivial. The Gauss
sum constructed from qM is non-vanishing if and only if qM is tame. In this case, the associated
Arf invariant is a topological invariant of W-manifolds.
Remark that reduction modulo 2Λ followed with the quotient by the radical provides a
homomorphism from KM,BM Ă H2``2pM, BM ; Λ¯q into H2``2pM, BM ; Γ¯p2qq. The Z2-character
on KM,BM determined by the action can be seen as an element δK of H2``1pM ; Γ¯p2qq{WM , where
WM is the orthogonal of the image of KM,BM in H2``2pM ; Γ¯p2qq. If δK|BM “ 0, then we pick a
lift δ of δK in H2``1pM, BM ; Γ¯p2qq and use it to shift the Wu structure of M . By Proposition
4.5, the resulting Wu structure is such that qM is tame. We therefore have
Proposition 4.10. If δK|BM “ 0, there is a WM -torsor of Wu structures for which qM is tame.
We call admissible the Wu structures on M for which qM is tame. δK|BM “ 0 if and only
if qM vanishes on elements of KM,BM of the form a “ a1 Y b. Here a1 P H2``1tors pBM ; Λ¯q and
b P H1pM, BM ;Zq is obtained as the differential of a 0-cochain taking value 1 on BM and
vanishing outside a tubular neighborhood of BM . As b has support in a tubular neighborhood
of BM , this situation can be more conveniently studied on a torus BM ˆ S1, which we will do
in Section 4.6.
Relation to existing literature Let us briefly compare the quadratic refinement qM to
existing constructions in the literature. As far as we know, the existing constructions involve
only the case where Λ¯ is the trivial Z local system endowed with the unimodular pairing. In
this case, KM “ 0 and qM is automatically tame.
Brumfiel and Morgan define a quadratic refinement of the linking pairing in [17] in the case
where M is the boundary of a 4` ` 4 manifold W . (See also Section 5 of [29].) The data
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required is a lift of the Wu class of W as a relative cohomology class. In our case, such a lift is
provided by the universal choice of trivialization of the Wu class on the classifying space of Wu
structures. Proposition 4.6 shows that the quadratic refinement defined by their formula on W
coincides with our intrinsic definition.
An dual construction by Taylor on homology in the 3-dimensional case appears in [16], using
spin structures. Unlike the approach of Brumfiel and Morgan, it does not rely on manifolds
being boundaries.
In principle, qM should coincide with the quadratic refinement constructed by Hopkins and
Singer (Proposition 5.66 of [27]). Proposition 4.6 shows that they coincide on boundaries, but
in general we do not know how to make contact with their formalism.
Topological field theories involving quadratic functions on finite groups were constructed by
Deloup in [30], but their relation to the present work is unclear to us.
4.6 Action on tori
Let N be a closed 4` ` 2-dimensional W-manifold, set M “ N ˆ S1, with the local system
pulled back from N . If ` ą 0, S1 has a unique Wu structure, and we take the Wu structure on
M to be the one induced from N . If ` “ 0, the Wu structures are spin structures. We take the
spin structure on M induced by the spin structure on N and the non-bounding spin structure
on S1. Let xˇ “ paˆ, hˆ, 0q P ZflatM be a cocycle representative of x P YflatM , so that aˆ “ ´dhˆ and
a is a torsion class. Recall that βpxq “ a. We use the fact that the action is a pull back with
respect to β and freely write SpM,aq for SpM,xq. We have a decomposition
H2``2tors pM ; Λ¯q “ H2``2tors pN ; Λ¯q ‘H2``1tors pN ; Λ¯q Y gS1 , (4.34)
where gS1 is the generator of H1pS1;Zq. Write pi for the projection on the first summand. The
decomposition (4.34) induces a decomposition KM “ KN ‘ K1 with K1 Ă H2``1tors pN ; Λ¯q Y gS1 .
Proposition 4.11. SpM,aq “ 0 for any a in the first summand of (4.34).
Proof. Remark that if x lies in the first summand of (4.34), we can extend it to W :“ N ˆD2,
where D2 is a disk. We can therefore use (4.17) to compute the action. But the integrand is
pulled back from N and vanishes for degree reasons.
Reduction modulo 2 provides a homomorphism K1 Ñ H2``1pN ; Γ¯p2qqYgS1 » H2``1pN ; Γ¯p2qq.
Let WN be the orthogonal of the image of this inclusion with respect to the non-degenerate cup
product pairing on H2``1pN ; Γ¯p2qq.
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Proposition 4.12. There is a Wu structure on N , determined up to an element of WN , such
that SpM,aq “ 0 for all a P KM
Proof. As S is linear on KM and vanishes on KN by Proposition 4.11, it is sufficient to show
that S vanishes on K1 for some appropriate choice of Wu structure on N .
Let χ be the Z2-valued character of K1 defined by the action. χ factors to a character of
the image of K1 in H2``1pN ; Γ¯p2qq. This ensures that we can identify χ with a coset of WN
in H2``1pN ; Γ¯p2qq. After shifting the Wu class of N by any element of this coset, the action
vanishes on K1, hence on KM.
We call the Wu structures characterized by Proposition 4.12 admissible. From now on, we
always assume that all 4``2-dimensional manifolds are endowed with admissible Wu structures.
Proposition 4.13. Let us fix pipaq and consider S as a function of j “ a´pipaq P H2``1tors pN ; Λ¯qY
gS1. Then there is a unique coset aN ` KN Ă H2``2tors pN ; Λ¯q such that SpM,aN ` jq “ 0 for all
j.
Proof. The summands in (4.34) are isotropic. The linking pairing L˜ induces a perfect pairing
L1 on H2``2tors pM ; Λ¯q{KM , with respect to which H2``2tors pN ; Λ¯q{KN and pH2``1tors pN ; Λ¯q Y gS1q{K1
are Lagrangian. L1 identifies them as dual to each other.
S is linear when restricted H2``1tors pN ; Λ¯q Y gS1 because the latter subgroup is isotropic.
Moreover, we know that S vanishes on KM . This implies that the linear functional defined by S
on H2``1tors pN ; Λ¯q Y gS1 is canonically associated to a coset ´aN `KN P H2``2tors pN ; Λ¯q{KN under
L1. Given f P H2``1pN ; Λ¯q, we see that
SpM,aN ` f Y gS1q “ SpM,aN q ` SpM,f Y gS1q ` L˜paN , f Y gS1q “ SpM,aN q , (4.35)
using the defining relation for the quadratic refinement. But Proposition 4.11 shows that
SpM,aN q “ 0.
5 Prequantum theory
In this section, we construct a field theory functor Se out of the exponentiated action function
described in Section 4. This field theory should be thought of as the prequantum Wu Chern-
Simons field theory associated to the action (4.10).
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5.1 Field theories on W-manifolds
The discretely gauged Wu Chern-Simons field theories of interest in this paper will be con-
structed in the Atiyah-Segal formalism, as functors
R : B4``3,1W,flat Ñ H or B4``3,1W,flat, Ñ H , (5.1)
depending on whether the order of Γ0 is odd or even. The category B4``3,1W,flat , defined in Appendix
E, is the bordism category of 4` ` 2-dimensional pW,Zflatq-manifolds, i.e. W-manifolds M
endowed with an element of ZflatM . The category B4``3,1W,flat, is a closely related category in which
the 4``2-dimensional manifolds are endowed with an extra structure  to be described in Section
8.2. The target category H is the category of finite dimensional Hilbert spaces. B4``3,1W,flat , B4``3,1W,flat,
and H carry symmetric monoidal structures, given by the disjoint union of manifolds and
bordisms and by the tensor product, respectively. The functor R is required to be monoidal. In
addition, the three categories carry dagger structures given by orientation reversal and complex
conjugation, respectively (see Appendix E for a comment on this point). R is required to
preserve the dagger structures as well. We will refer to functors preserving both monoidal and
dagger structures as field theory functors.
The intermediate step toward the construction of R, taken in the present section, is the
construction of an invertible field theory functor
Se : B4``3,1W,flat Ñ H (5.2)
out of the exponentiated action Se. We will call the associated field theory the prequantum
theory associated to the action Se. This terminology comes from geometric quantization, the
state space of the theory being the fiber of the prequantum line bundle [31]
In order to check that Se andR are field theory functors, we will use the following proposition
which offers a characterization slightly different from the one given directly by the axioms of a
functor. It is well-known, but we have not been able to find an explicit proof in the literature,
so we provide it here. The following notation will be helpful. For all pairs ppM, xˇq, pN, xˇ|N qq
of pW,Zflatq-manifold, where M has dimension 4` ` 3, N has codimension 1 and is disjoint
from BM , let MN be the pW,Zflatq-manifold obtained by cutting M along N , with boundary
BMN “ BM \ N \ ´N . The flat differential cocycle on MN is pi˚pxˇq, where pi : MN Ñ M is
the gluing map, identifying the boundary components N and ´N of MN (see Figure 5.1). To
simplify the notation, we suppress the flat differential cocycles in the following. It is understood
that BM is endowed with the restriction of the flat differential cocycle on M .
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Figure 5.1: The manifold M and the manifold MN obtained by cutting M along N .
Proposition 5.1. Let F be a function assigning a Hilbert space FpNq to each closed 4` ` 2-
dimensional pW,Zflatq-manifold N and a vector FpMq in FpBMq to each 4` ` 3-dimensional
pW,Zflatq-manifold M . Then F is a field theory functor from B4``3,1W,flat to H if and only if the
following conditions holds.
1. F is compatible with the monoidal structures, i.e.
FpN1 \N2q “ FpN1q b FpN2q , (5.3)
FpM1 \M2q “ FpM1q b FpM2q P FpBM1 \ BM2q . (5.4)
2. F is compatible with the dagger structures, i.e.
Fp´Nq “ FpNq , (5.5)
Fp´Mq “ FpMq , (5.6)
where the bar denotes the complex conjugation of vectors and vector spaces.
3. (Gluing condition) For all pairs pM,Nq as above,
TrFpNqFpMN q “ FpMq . (5.7)
TrFpNq is here the canonical pairing between the tensor factors FpNq and Fp´Nq “
FpNq » FpNq˚ of FpBMN q » FpBMq b FpNq b Fp´Nq.
The conditions given in Proposition 5.1 are natural from the point of view of Euclidean quan-
tum field theory, where the distinction between the incoming components B´M and outgoing
components B`M of a bordismM is arbitrary. The proposition holds for any bordism category,
with identical proof up to notational details. In particular, the proposition also holds for the
category B4``3,1W,flat,
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Figure 5.2: The manifold M cut into two disjoint components.
Proof. Suppose that F satisfies the conditions above. Let pM, θ´, θ`q be a bordism from N´
to N`. (See Appendix E for the notation.) We see that
FpBMq “ FpB´Mq b FpB`Mq » Fp´N´q b FpN`q (5.8)
» FpN´q˚ b FpN`q “ HompFpN´q,FpN`qq ,
so F assigns a homomorphism from FpN´q to FpN`q to the bordism M , as a functor should.
Assume now that we have a bordism pM1, θ´1 , θ`1 q from N´ to N and a bordism pM2, θ´2 , θ`2 q
from N to N`. By setting MN “M1\M2 and M “M1\pθ´2 q´1˝θ`1 M2 in (5.7) (see Appendix
E), we see that F preserves the composition in B4``3,1W,flat and H, hence is a functor. The first two
conditions ensure that it is a field theory functor. This proves one direction of the proposition.
Suppose now that F is a field theory functor. The functor axioms imply that on a bordism
M with B´M “ H, B`M “ BM , FpMq P HompC,FpBMqq » FpBMq. The fact that F is a
field theory functor ensures that the first two conditions are satisfied.
To check the third one, pick another codimension 1 submanifold N 1 Ă M disjoint from N
and BM , and such that after cutting M along N \N 1, pairs of points on each side of the cut
belong to disconnected components, say M1 and M2. In particular, we have a decomposition
BM “ N1\N2, N1 ĂM1, N2 ĂM2 (see Figure 5.2). We define bordism structures on M1 and
M2 by setting B´M1 “ N1, B`M1 “ B´M2 “ N \N 1, B`M2 “ N2 and a bordism structure on
M by setting B´M “ N1, B`M “ N2. (The choices of isomorphisms θ˘1,2 are irrelevant as long
as they are made consistently with the gluing.) Then the bordism M can be obtained by the
composition of M1 and M2, from which we deduce that
FpMq “ FpM2q ˝N\N 1 FpM1q “ TrFN\N 1 pFpM2q b FpM1qq . (5.9)
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By making the alternative choice B´M1 “ N1\N , B`M1 “ B´M2 “ N 1, B`M2 “ N2\N , and
setting a bordism structure on MN with B´MN “ N1 \N , B`MN “ N2 \N , we deduce that
FpMN q “ FpM2q ˝N 1 FpM1q “ TrFN 1 pFpM2q b FpM1qq . (5.10)
As FpN \N 1q “ FpNq b FpN 1q,
TrFN\N 1 “ TrFNTrFN 1 (5.11)
Combining (5.9), (5.10) and (5.11) yields the third condition of the proposition, completing the
proof.
5.2 Prequantum theory
Closed 4``3-dimensional manifold Let pM, xˇq be a closed pW,Zflatq-manifold of dimension
4` ` 3. Such a manifold can be seen as a bordism from the empty object of B4``3,1W,flat to itself.
It is not difficult to see that the compatibility of the field theory functor with the monoidal
structure requires it to assign C to the empty object. The value of the field theory functor on
such bordisms is therefore a complex number, the partition function. The partition function of
the prequantum theory is simply the exponentiated action:
SepM, xˇq :“ SepM, xˇq . (5.12)
As the exponentiated action depends only on the differential cohomology class x of xˇ, the
same is true for the partition function SepM, xˇq of the prequantum theory. We will therefore
sometimes freely write SepM,xq.
Closed 4`` 2-dimensional Let pM, xˇq be a closed pW,Zflatq-manifold of dimension 4`` 2.
We construct a Hermitian line SepM,xq out of this data as follows. As the notation suggests,
SepM,xq depends only on the cohomology class x of xˇ.
Consider the category CM whose objects are pairs pm¯, xˇ1q, where m¯ is an E-chain representing
the fundamental E-homology class of M and xˇ1 P ZflatM is a differential cocycle representative
of x. E-chains are defined simply as homomorphisms from the E-cochain group into R{Z, see
Appendix D. The morphisms in CM from pm¯0, xˇ0q to pm¯1, xˇ1q are cylinders M ˆ I endowed
with a pair pn¯, yˇq, where n¯ is an E-chain representing the fundamental E-homology class of
M ˆ I and yˇ P ZflatpM ˆ Iq. pn¯, yˇq is required to satisfy Bn¯ “ m¯1 ´ m¯0, yˇ|Mˆt0u “ xˇ0 and
yˇ|Mˆt1u “ xˇ1. CM is a transitive groupoid whose automorphisms are given by tori M ˆ S1
endowed with the data above.
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We write l¯ for the Lagrangian associated to a morphism pM ˆ I, yˇq. l¯ is an E-cocycle of
degree 4`` 3. Consider the functor f : CM Ñ H assigning C to each object and exp 2piixl¯, n¯y to
any morphism n¯.
A section of f is a function v assigning to each object pm¯, xˇq of CM a vector vpm¯, xˇq in
f pm¯, xˇq. A section v is invariant if v ˝ pn¯, yˇq “ f pn¯, yˇq ˝ v for any morphism pn¯, yˇq in CM . We
define SepM,xq to be the Hilbert space of invariant sections of f.
Recall that by considering the partition function on tori of the form M ˆ I in Section 4.6,
we defined a coset aM ` KM Ă H2``2tors pM ; Λ¯q on M .
Proposition 5.2. The Hilbert space SepM,xq is a Hermitian line if a P aM ` KM , otherwise
it is the zero Hilbert space.
Proof. As the groupoid CM is transitive and f sends each object to a 1-dimensional Hilbert space,
the space of invariant section is either 1-dimensional or 0-dimensional. It is 1-dimensional if
and only if all the automorphisms of CM are sent to the identity by f . Proposition 4.13 shows
that this is the case if and only if a P aM ` KM .
The vanishing of the Hilbert space when a R aM `KM can be understood as a global gauge
anomaly. In case Λ “ Λ˚ “ Z with trivial local systems, it boils down to the one described in
[23, 24] in the context of the self-dual field theory.
4`` 3-dimensional manifolds with boundary Let pM, wˇq be a pW,Zflatq-manifold of di-
mension 4`` 3 with boundary. Let w be the differential cohomology class of wˇ.
Proposition 5.3. pM,wq determines an element SepM,wq P SepBM,w|BM q.
Proof. Pick an E-chain representative p¯ of the fundamental class rM, BM sE . Write m¯ “ Bp¯.
Pick as well any cocycle representative wˇ1 P ZflatM of w. As the exponentiated pairing exp 2piixl¯, p¯y
is invariant on closed manifolds under changes of p¯ and wˇ1, by excision it is also invariant on M
as long as m¯ and wˇ|BM are kept fixed. However, as the Lagrangian l¯ is not a relative E-cocycle
in general, exp 2piixl¯, p¯y fails to be invariant for generic variations of p¯ and wˇ1.
Suppose we change the representative of the fundamental class from p¯0 to p¯1 “ p¯0` n¯, with
Bn¯ “ m¯1 ´ m¯0. Suppose also that we also change the cocycle representative from wˇ0 to wˇ1,
with wˇi|BM “ xˇi, i “ 0, 1. Up to a change of pp¯1, wˇ1q away from BM leaving the exponentiated
pairing invariant, we can implement these changes by gluing along BM the cylinder pBM ˆ
I, n¯, yˇq corresponding to a morphism in the category CBM from pm¯0, xˇ0q to pm¯1, xˇ1q. Under this
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operation, the exponentiated pairing gets multiplied by exp 2piixl¯pyˇq, n¯y. This shows that the
exponentiated pairing defines an invariant section SepM,wq in SepBM,w|BM q.
Note that the proof does not use the fact that the differential cocycle wˇ is flat. We have
therefore the following Corollary that will be useful in Section 7.
Corollary 5.4. Let M be a W-manifold of dimension 4``3 with boundary endowed with a not
necessarily flat differential cohomology class w, whose restriction to BW is flat. Then the pair
pM,wq determines an element SepM,wq P SepBM,w|BM q.
Compatibility with the monoidal structures Suppose pM, xˇq is a pW,Zflatq-manifold
of dimension 4` ` 3, possibly with boundary, that decomposes into two disjoint components
pM, xˇq “ pM1, xˇ1q \ pM2, xˇ2q, with xˇi, i “ 1, 2 supported on Mi. Let n¯1 and n¯2 be E-chains
representing rM1, BM1sE and rM2, BM2sE and extend them by zero to M . Proposition D.7
ensures that rM, BM sE “ rM1, BM1sE`rM2, BM2sE , so n¯ :“ n¯1`n¯2 is an E-chain representative
of rM, BM sE . As l¯pxˇq “ l¯pxˇ1q ` l¯pxˇ2q and xl¯pxˇ1q, n¯2y “ xl¯pxˇ2q, n¯1y “ 0, we have
xl¯pxˇq, n¯y “ xl¯pxˇ1q, n¯1y ` xl¯pxˇ2q, n¯2y . (5.13)
The formula above together with the definitions of Se on 4` ` 2 and 4` ` 3-dimensional W-
manifolds imply immediately
Proposition 5.5. If pN, yˇq is a 4` ` 2-dimensional pW,Zflatq-manifold that decomposes into
two disjoint components pN, yˇq “ pN1, yˇ1q \ pN2, yˇ2q, then
SepN, yq “ SepN1, y1q b SepN2, y2q . (5.14)
Moreover, if pM, xˇq is as above, then
SepM,xq “ SepM1, x1q b SepM2, x2q . (5.15)
Hence the functor Se is compatible with the monoidal structures on B4``3,1W,flat and H.
Compatibility with the dagger structures A bar over a Hilbert space will denote the
complex conjugate Hilbert space, and a bar over a vector in a Hilbert space will denote the
complex conjugate vector in the complex conjugate Hilbert space. (We recall that a bar is also
used to denote E-chains and E-cochains, hopefully the context will allow the reader to distin-
guish these two meanings unambiguously.) Let pM, xˇq be a pW,Zflatq-manifold of dimension
4`` 3, possibly with boundary. Let n¯ be an E-chain representing rM, BM sE . Proposition D.8
ensures that ´n¯ is an E-chain representing r´M, Bp´MqsE .
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Proposition 5.6. If pN, yˇq is a 4`` 2-dimensional pW,Zflatq-manifold, then
Sep´N, yq “ SepN, yq . (5.16)
Moreover, if pM, xˇq is as above, then
Sep´M,xq “ SepM,xq . (5.17)
Proof. The factors expxl¯pxˇq, n¯y involved in the construction of SepN, yq and SepM,xq turn into
their complex conjugate under an orientation flip.
Gluing We now show that Se satisfies the 3rd condition of Proposition 5.1. Let pM, xˇq,
pN, xˇ|N q and pMN , pi˚pxˇqq be pW,Zflatq-manifolds as in Proposition 5.1. Recall that the gluing
map pi : MN ÑM identifies the points of the components N and ´N of BMN and is bijective
away from N \´N . We write yˇ :“ xˇ|N , zˇ :“ pi˚pxˇq.
Proposition 5.7. The 3rd condition of Proposition 5.1 holds:
TrSepN,yqpSepMN , zqq “ SepM,xq . (5.18)
Proof. Let us choose E-chains n¯ and p¯ :“ pi˚pn¯q representing rMN , BMN sE and rM, BM sE .
Together with the differential cocycles xˇ|BM and zˇ|BMN , their restriction to the boundary provide
trivializations of SepBM,x|BM q and SepBMN , z|BMN q. Moreover we have by definition
xl¯pxˇq, p¯y “ xl¯pzˇq, n¯y . (5.19)
These two quantities are respectively SepM,xq and SepMN , zq in the trivializations above. As
the trace from C » Cb C TrCÑ C is the identity map, we obtain (5.18).
The results of this section combined with Proposition (5.1) yields
Theorem 5.8. Se : B4``3,1W,flat Ñ H is a field theory functor.
6 Partition function
We now proceed to the construction of the field theory functor R out of the prequantum theory
of Section 5. R has a C-valued truncation to closed 4`` 3-dimensional manifolds, the partition
function, which we describe in the present section.
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6.1 Definition
Given a closed pW,Zflatq-manifold pM, xˇq of dimension 4` ` 3, the partition function of the
quantum theory R on M is obtained by summing the exponentiated action over the coset of
x` EM , with a normalization factor given by µM :
RpM,xq “ µM
ÿ
wPx`EM
SepM,wq P C . (6.1)
The partition function depends only on the differential cohomology class x of xˇ because SepM,xq
has this property. Moreover, RpM,xq depends by construction only on the equivalence class of
x in YflatM {EM .
Proposition 4.9 states that the action Se is the pull-back through β of a quadratic refinement
qM of the linking pairing on H2``2tors pM ; Λ¯q. We can therefore rewrite the partition function (6.1)
as follows:
RpM,xq “ µM |CM |
ÿ
yPβpxq`KM
exp 2pii qM pyq . (6.2)
6.2 Partition function anomaly
Recall that KM is the radical of the linking pairing on H2``2tors pM ; Λ¯q, so qM |KM is a character
of KM . If this character is trivial,
RpM,xq “ µM |EM | exp 2pii qM pxq . (6.3)
If qM |KM is non-trivial, the partition function of the prequantum theory is not invariant under
the action of the discrete symmetry EM . In other words, this symmetry is anomalous. As a
result, the partition function of the gauged theory R vanishes identically in this case.
As qM is Z2-valued on KM , it can be non-trivial only if the order of KM is even. This is
possible only if Γ :“ Λ˚{Λ has even order, see (3.2). Therefore the theories with |Γ| odd are
free of this anomaly. Moreover, Proposition 4.10 shows that there exist always admissible Wu
structures on M , with which the theory is anomaly-free.
We will see that the partition function anomaly described here has a Hamiltonian counter-
part on 4`` 2-dimensional W-manifolds.
7 Wilson operators
Given a closed 4`` 2-dimensional pW,Zflatq-manifold pM, wˇq, the prequantum theory yields a
Hilbert space SepM,wq. Proposition 5.2 shows that SepM,wq is a Hermitian line if βpwq P
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aM ` KM , otherwise it is the trivial Hilbert space. Let us consider the vector space
VM,w :“
à
xPw`GM
SepM,xq . (7.1)
If βpwq R aM ` KM , dimpVM,vq “ 0. Otherwise dimpVM,wq “ |GM |. In the following, we will
always assume that βpwq P aM ` KM .
GM is endowed with a alternating pairing (see Appendix B) and has therefore an associated
Heisenberg extension HM (see Appendix F). The aim of the present section is to show that
pM, wˆq determines canonically a representation of HM on VM,w.
7.1 Homomorphisms from cylinders
In this section, we show that certain non-flat differential cocycles on cylinders define operators
on VM,w associated to each element of H2``1free pM ; Λ¯˚q. These operators can be thought of as the
Wilson operators for the background gauge field xˇ.
Let xˇ “ paˆ, hˆ, 0q P β´1paM ` KM q. Let Ω2``1Λ¯˚ pM ;V q be the subgroup of closed differential
forms whose pairing with classes in H2``1pM ; Λ¯q is integer-valued. Let jˆ P Ω2``1Λ¯˚ pM ;V q and
write jˇ for the flat topologically trivial differential cocycle p0, jˆ, 0q. Let I :“ r0, 1s and define
the path pxˇ,jˆ : I Ñ Zˇ2``2pM ; Λ¯q,
pxˇ,jˆptq “ xˇ` tjˇ “ paˆ, hˆ` tjˆ, 0q , t P I , (7.2)
interpolating linearly between the differential cocycles xˇ and xˇ ` jˇ. Here t is a coordinate on
I running from 0 to 1 and that has all its derivative vanishing at the endpoints. pxˇ,jˆ defines a
non-flat differential cocycle yˇxˇ,jˆ P Zˇ2``2pM ˆ Iq given by
yˇxˇ,jˆ “ paˆ, hˆ` jˆ ^ tˆ,´jˆ ^ dtˆq . (7.3)
For notational consistency, we write tˆ “ t for the degree 0 R-valued differential form on M ˆ I
determined by the function t. We also write all the wedge products explicitly.
Let j be the cohomology class of jˆ in H2``1free pM ; Λ¯˚q. There is an action of Ω2``1Λ¯˚ pM ;V q
on ZflatM given by picturing the differential form jˆ as a differential cocycle jˇ as above and using
the addition of differential cocycles. The action passes to an action of H2``1free pM ; Λ¯˚q on YflatM ,
which we write additively: x ` j P YflatM . By Corollary 5.4, SepM ˆ I, yˇxˇ,jˆq is an isomorphism
from SepM,xq to SepM,x` jq. If we change xˇ by the differential of a flat differential cochain,
yˇxˇ,jˆ changes by the differential of a flat differential cochain, hence SepM ˆ I, yˇxˇ,jˆq depends only
on the differential cohomology class x.
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Proposition 7.1. SepM ˆ I, yˇxˇ,jˆq depends only on the cohomology class j.
Proof. Any differential form in the same class as jˆ in H2``1free pM ; Λ¯˚q can be written jˆ ` dkˆ for
some kˆ P Ω2`pM,V q. Then
yˇxˇ,jˆ`dkˆ “ paˆ, hˆ` pjˆ ` dkˆq ^ tˆ,´pjˆ ` dkˆq ^ dtq . (7.4)
Define
yˇ1 “ paˆ, hˆ` jˆ ^ tˆ´ kˆ ^ dt,´pjˆ ` dkˆq ^ dtq . (7.5)
Then yˇ1 and yˇxˇ,jˆ`dkˆ differ by an exact differential cocycle and Corollary 5.4 shows that SepM ˆ
I, yˇxˇ,jˆ`dkˆq and SepM ˆ I, yˇ1q are equal as isomorphisms from SepM,xq to SepM,x ` jq. We
can compute the composition SepM ˆ I, yˇ1q ˝ pSepM ˆ I, yˇxˇ,jˆqq´1 by gluing the corresponding
cylinders into a torus M ˆ S1, with an orientation flip on the second one, and evaluating the
exponentiated action Se on the corresponding differential cocycle. Up to exact terms, the latter
is
yˇS1 “ paˆ, hˆ` jˆ ^ tˆS1 ´ kˆ ^ gˆp1q,´dkˆ ^ gˆp1q ´ jˆ ^ pgˆp1q ´ gˆp2qqq . (7.6)
tˆS1 is the smooth function obtained from the functions tˆ on the two cylinders after gluing. gˆp1q
et gˆp2q are the cocycle representatives of the generator of H1pS1;Zq restricting to dtˆ on each
interval respectively.
We can compute the Lagrangian
l¯pyˇS1q “
´
lˆpyˇS1q, paˆq2
¯
,
lˆpyˇS1q “ 12 aˆY phˆ` jˆ ^ tˆS1 ´ kˆ ^ gˆ
p1q ´ ηˆq (7.7)
` 1
2
phˆ` jˆ ^ tˆS1 ´ kˆ ^ gˆp1qq Y p´dkˆ ^ gˆp1q ´ jˆ ^ gˆp1q ` jˆ ^ gˆp2qq `HY^ pωˆ, ωˆq
where we wrote ωˆ “ ´dkˆ ^ gˆp1q ´ jˆ ^ pgˆp1q ´ gˆp2qq. As aˆ “ ´dhˆ,
1
2
aˆY p´kˆ ^ gˆp1qq ` 1
2
hˆY p´dkˆ ^ gˆp1qq “ 1
2
d
´
hˆY pkˆ ^ gˆp1qq
¯
, (7.8)
1
2
aˆY pjˆ ^ tˆS1q ` 12 hˆY p´jˆ ^ pgˆ
p1q ´ gˆp2qqq “ ´1
2
d
´
hˆY pjˆ ^ tˆS1qq
¯
, (7.9)
We can always get rid of such exact terms by picking an equivalent E-cocycle, as this does not
change the value of the action. The remaining terms on the second line of (7.7) are
1
2
pjˆ ^ tˆS1 ´ kˆ ^ gˆp1qq Y ωˆ `HY^ pωˆ, ωˆq “ 12pjˆ ^ tˆS1 ´ kˆ ^ gˆ
p1qq ^ ωˆ ` exact
“ ´1
2
pjˆ ^ tˆS1 ^ dkˆ ^ gˆp1qq ` exact , (7.10)
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where we discarded the vanishing terms involving gˆp1q^ gˆp1q, gˆp1q^ gˆp2q or jˆ^ jˆ. The remaining
term is exact as well because dtˆS1 ^ gˆp1q “ 0. The Lagrangian is equivalent to an E-cocycle of
the form ˆ
1
2
aˆY phˆ´ ηˆΛq, paˆq2
˙
, (7.11)
which is pulled-back from M . Proposition 4.11 shows that the action vanishes. Therefore
SepM ˆ I, yˇxˇ,jˆq “ SepM ˆ I, yˇxˇ,jˆ`dkˆq as isomorphisms from SepM,xq to SepM,x` jq, proving
the proposition.
Proposition 7.2. SepM ˆ I, yˇxˇ,jˆq does not depend on the parametrization of the path (7.2).
Proof. Suppose we have two parametrization t1 and t2. We evaluate the exponentiated action
on M ˆ S1 endowed with the differential cocycle
yˇS1 “ paˆ, hˆ` jˆ ^ ptˆ2 ´ tˆ1q,´jˆ ^ pdtˆ2 ´ dtˆ1qq . (7.12)
Here we decomposeMˆS1 intoMˆI andMˆ´I. tˆ1 (tˆ2) is the function onMˆS1 that take
value t on the first (second) copy of M ˆ I and vanishes on the complement. The Lagrangian
reads
lˆpyˇS1q “ 12 aˆYphˆ` jˆ^ptˆ2´ tˆ1q´ ηˆΛq´
1
2
phˆ` jˆ^ptˆ2´ tˆ1qqYpjˆ^pdtˆ2´dtˆ1qq`HY^ pωˆ, ωˆq , (7.13)
with ωˆ :“ ´jˆ^pdtˆ2´dtˆ1q. The terms proportional to aˆYpjˆ^ptˆ2´ tˆ1qq and hˆYpjˆ^pdtˆ2´dtˆ1qq
combine into an exact term and can therefore be dropped. The first term of (7.13) becomes
1
2 aˆY phˆ´ ηˆΛq and the remaining terms combine up to an exact term into
´ 1
2
jˆ ^ ptˆ2 ´ tˆ1q ^ jˆ ^ pdtˆ2 ´ dtˆ1q , (7.14)
which vanishes because it involves jˆ^ jˆ. The Lagrangian is therefore equivalent to an E-cocycle
of the form (7.11). Proposition 4.11 shows that the action evaluated on the torus vanishes,
hence that the exponentiated actions on the two cylinders yield the same homomorphism.
Let us simplify the notation and define
Qpx, jq :“ SepM ˆ I, yˇxˇ,jˆq : SepM,xq Ñ SepM,x` jq . (7.15)
We can repeat the construction above on a cylinderM ˆr0, s for any  P R`. The resulting
operator is the same, as the theory is topological. We can therefore take the limit Ñ 0 and the
operators Qpx, jq can be pictured as codimension 1 defects in the field theory. But we can do
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better. The proof of Proposition 3.4 shows that H2``1free pM ; Λ¯˚q » H2``1free pM ;Zq bΛ0˚ , where Λ0˚
is the sublattice of Λ˚ left invariant by the monodromy representation defining the local system
Λ¯. Let us therefore consider classes of the form j “ j1 b λ, j1 P H2``1free pM ;Zq, λ P Λ0˚ . j1 is
Poincaré dual to the fundamental homology class of a 2`` 1-dimensional submanifold J ĂM ,
so we can perform a similar limiting procedure and take the cocycle jˆ to be supported on J .
We can therefore picture Qpx, jq as a 2` ` 1-dimensional defect operator in the theory. Those
are Wilson operators on J with charge λ for the degree 2`` 1 gauge field xˇ.
7.2 Refinement
We study here the groupoid generated by the operators Q defined in the previous section. Define
a Up1q-valued pairing ψ on H2``1free pM ; Λ¯˚q by
ψpj1, j2q :“ Qpx` j1 ` j2,´j1 ´ j2qQpx` j1, j2qQpx, j1q . (7.16)
Remark that ψpj1, j2q is an automorphism of the Hermitian line SepM,xq, hence can be canon-
ically identified with an element of Up1q.
Proposition 7.3. ψpj1, j2q is independent of x.
Proof. Consider the triangle
∆ :“ tpt1, t2q P R2|0 ď t1 ď 1, 0 ď t2 ď t1u (7.17)
and endow M ˆ∆ with the differential cocycle
xˇW “ paˆW , hˆW , ωˆW q :“ xˇ` p0,´jˆ1 ^ tˆ1 ´ jˆ2 ^ tˆ2, jˆ1 ^ dtˆ1 ` jˆ2 ^ dtˆ2q . (7.18)
We write tˆi for the degree 0 R-valued differential forms on M ˆ∆ given by the pullback of the
coordinate functions ti. We picked differential form representatives jˆi of ji.
Remark that SepM ˆ B∆, xˇW q computes the inverse of the right-hand side of (7.16). We
now use Proposition 4.6 to get
ψpj1, j2q “ exppiixωˆW ^ ωˆW ` ωˆW ^ λˆ, rM ˆ∆,M ˆ B∆sy (7.19)
“ exppiixpjˆ1 ^ dtˆ1 ` jˆ2 ^ dtˆ2q ^ pjˆ1 ^ dtˆ1 ` jˆ2 ^ dtˆ2q, rM ˆ∆,M ˆ B∆sy ,
“ exp´piixjˆ1 ^ jˆ2, rM sy .
which makes it obvious that ψpj1, j2q is independent of x.
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Corollary 7.4. ψ is bimultiplicative, i.e.
ψpj1 ` j2, j3q “ ψpj1, j3qψpj2, j3q , (7.20)
ψpj1, j2 ` j3q “ ψpj1, j2qψpj1, j3q . (7.21)
ψ is skew-symmetric, i.e.
ψpj1, j2q “ pψpj2, j1qq´1 . (7.22)
It is also alternating, because it is defined on a free group: ψpj, jq “ 1. ψ refines the bimulti-
plicative Up1q-valued skew-symmetric pairing on H2``1free pM ; Λ¯˚q:
ψpj1, j2qpψpj2, j1qq´1 “ exp´2piixj1 ^ j2, rM sy . (7.23)
The above definitions can be interpreted geometrically as follows. We can think of Q as
a connection on the line bundle SepM, ‚q over the discrete set x ` GM , in the sense that Q
defines a parallel transport between the fibers of SepM, ‚q. ψpj1, j2q describes the holonomies
of this non-flat connection along elementary triangular paths, hence can bee seen as a discrete
analogue of the curvature of the connection Q.
7.3 A cobordism invariant
We now turn to the properties of the operators Qpx, bq for b P H2``1free pM ; Λ¯q. In this case,
Qpx, bq maps the Hermitian line SepM,xq to itself, hence can be canonically identifed with a
complex number.
Proposition 7.5. Qpx, ‚q, seen as a complex valued function on H2``1free pM ; Λ¯q, passes to a
function on H2``1free pM ; Λ¯q{2H2``1free pM ; Λ¯q.
Proof. Consider the following function on I:
θptq “
"
0 if t ă 1{2
1 if t ě 1{2 . , (7.24)
and let θˆ be the corresponding Z-valued 0-cochain. Let b P H2``1pM ; Λ¯q. The cocycle
yˇxˇ,2bˆ “ paˆ, hˆ` 2bˆ^ tˆ,´2bˆ^ dtˆq , (7.25)
is equivalent to
yˇ “ paˆ´ 2bˆY dθˆ, hˆ` 2bˆ^ tˆ´ 2bˆY θˆ,´2bˆ^ dtˆq , (7.26)
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where we picked a cocycle representative bˆ for b. Proposition 5.3 ensures that Qpx, 2bq can
be computed by evaluating the exponentiated action on M ˆ I endowed with the differential
cocycle yˇ. yˇ has the advantage that its restrictions to the boundaries of M ˆ I coincide, so
Qpx, 2bq can be computed by evaluating the exponentiated action on M ˆ S1 endowed with yˇ.
The Lagrangian reads
lˆxˇ,2bˆ :“
1
2
paˆ´ 2bˆY dθˆq Y phˆ` 2bˆ^ tˆ´ 2bˆY θˆ ´ ηˆΛq (7.27)
` 1
2
phˆ` 2bˆ^ tˆ´ 2bˆY θˆq Y p´2bˆ^ dtˆq ` 1
2
HY^ p´2bˆ^ dtˆ,´2bˆ^ dtˆq .
After simplifying using the Leibniz rule and dropping the exact terms, this expression reduces
to
1
2
aˆY phˆ´ ηˆΛq ´ hˆY pbˆY dθˆq ´ pbˆY dθˆq Y hˆ` 2bˆY dθˆ Y bˆY θˆ ` pbˆY dθˆq Y ηˆΛ (7.28)
` 2pbˆ^ tˆq Y pbˆ^ dtˆq ` 2HY^ pbˆ^ dtˆ, bˆ^ dtˆq
The last four terms on the first line vanish modulo 1. The terms on the second line combine
into 2bˆ^ tˆ^ bˆ^ dtˆ, which vanishes by the skew-symmetry of the wedge product. The E-theory
class determined by the Lagrangian has a representative of the form (7.11). Proposition 4.11
ensures that the action vanishes. Therefore, Qpx, 2bq “ 1.
(7.23) shows that ψ restricted to H2``1free pM ; Λ¯q{2H2``1free pM ; Λ¯q is a symmetric pairing.
Proposition 7.6. Qpx, ‚q restricted to H2``1free pM ; Λ¯q{2H2``1free pM ; Λ¯q, is a quadratic refinement
of ψ.
Proof. (7.16) shows that for fixed x, Qpx, bq P HompSepM,xq, SepM,xqq » C is a refinement of
ψ. We have pQpx, bqq´2 “ Qpx, 2bqpQpx, bqq´2 “ ψpb, bq, from which we deduce that Qpx, ‚q is
quadratic, see Appendix A.
Note that as ψpb, bq “ 1, the above also shows
Corollary 7.7. Qpx, bq “ ˘1 for b P H2``1free pM ; Λ¯q.
Proposition 7.8. For b P H2``1free pM ; Λ¯q, Qpx, bq depends only on the equivalence class of x in
YflatM {CM .
Proof. (7.16) implies that for j P H2``1free pM ; Λ¯˚q,
Qpx, jqQpx, bq “ Qpx, j ` bqψpb, jq
“ ψpb, jq{ψpj, bqQpx` j, bqQpx, jq (7.29)
“ Qpx` j, bqQpx, jq ,
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because ψpb, jq{ψpj, bq “ exp 2piixb^j, rM sy “ 1. Qpx, bq and Qpx`j, bq both act by multiplica-
tion by a complex number, so (7.29) implies that they are equal. As the action of H2``1free pM ; Λ¯˚q
on YflatM has the same orbits as the action of CM , Qpx, bq depends only on the equivalence class
of x in YflatM {CM .
At the expense of a less elegant proof, we can show
Proposition 7.9. Qpx, bq depends only on the equivalence class of x in YflatM {EM .
Proof. Suppose w P EM , with a lifting cocycle wˇ “ pcˆ, jˆ, 0q P FM , djˆ “ ´cˆ and jˆ valued in Λ¯˚.
Using the arguments of the proof of Proposition 7.5 and the notation (7.27), we can compute
Qpx ` w, bq and Qpx, bq by evaluating the actions associated respectively to the Lagrangians
lˆxˇ`wˇ,bˆ and lˆxˇ,bˆ on M ˆ S1.
We have
lˆxˇ`wˇ,bˆ “ lˆxˇ,bˆ `∆lˆ , (7.30)
with (up to exact terms)
∆lˆ “ 1
2
cˆY pjˆ ´ ηˆΛq ` 1
2
paˆ´ bˆY dθˆq Y jˆ ` 1
2
jˆ Y paˆ´ bˆY dθˆq (7.31)
“ 1
2
cˆY pjˆ ´ ηˆΛq ` 1
2
cˆY1 paˆ´ bˆY dθˆq . (7.32)
Writing
l¯xˇ,bˆ “
´
lˆxˇ,bˆ, paˆ´ bˆY dθˆq2
¯
, l¯xˇ`wˇ,bˆ “
´
lˆxˇ`wˇ,bˆ, paˆ` cˆ´ bˆ^ dθˆq2
¯
, (7.33)
we have
l¯xˇ`wˇ,bˆ “ l¯xˇ,bˆ ‘
ˆ
1
2
cˆY pjˆ ´ ηˆΛq, cˆ2
˙
. (7.34)
The second term on the right hand side is pulled back fromM , so Proposition 4.11 ensures that
the actions constructed from l¯xˇ`wˇ,bˆ and l¯xˇ,bˆ are equal, proving the proposition.
Recall that the image of βpxq in H2``2tors pM ; Λ¯q{KM is fixed by the requirement that VM,x is a
non-trivial vector space. With this requirement, x should be chosen in a torsor for the group
H2``1pM ;V q{H2``1pM ; Λ¯˚q, which is connected. As Qpx, bq P t˘1u and is continuous in x, we
obtain
Proposition 7.10. Qpx, bq is independent of x for b P H2``1free pM ; Λ¯q.
We write qM for the multiplicative quadratic refinement of ψ defined by Q on
H2``1free pM ; Λ¯q{2H2``1free pM ; Λ¯q. Let us write Gp2qM for the quotient of H2``1free pM ; Λ¯q{2H2``1free pM ; Λ¯q
by the radical Rp2qM of the pairing ψ.
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Proposition 7.11. qM is a tame quadratic refinement, i.e. it vanishes on R
p2q
M .
Proof. If b P Rp2qM , its lifts to H2``1free pM ; Λ¯q have even pairing with any element of H2``1free pM ; Λ¯q.
Replacing 2b by b in the proof of Proposition 7.5, we find that Qpx, bq “ 1.
Proposition 7.11 ensures qM has a well-defined Arf invariant aM P t0, 1u. We will refer to
aM P t0, 1u as the Arf invariant of the 4`` 2-dimensional W-manifold M .
Proposition 7.12. Assume there exists a 4``3-dimensional W-manifoldW such that BW “M
as W-manifolds. Then aM “ 0. In other words, aM is a cobordism invariant of 4` ` 2-
dimensional W-manifolds.
Proof. As qM is tame, it reduces to a quadratic refinement q1M on G
p2q
M , on which ψ is non-
degenerate. A symmetric Z2-valued pairing is also skew-symmetric, so G
p2q
M admits Lagrangian
subgroups. As explained in Appendix A, such a quadratic refinement has Arf invariant zero if
and only if there is a Lagrangian subgroup on which it vanishes identically. Proposition B.6
shows that the elements of Gp2qM that extend to W form a Lagrangian subgroup L
p2q
W .
Let b P Lp2qW . Following the argument in the proof of Proposition 7.5, we can compute
q1M pbq “ Qpx, bq by evaluating the exponentiated action onMˆS1 endowed with the differential
cocycle
yˇ “ paˆ´ bˆY dθˆ, hˆ` bˆ^ tˆ´ bˆY θˆq,´bˆ^ dtˆq (7.35)
Writing cˆ for the extension of bˆ toW , yˇ extends to a differential cocycle onWˆS1 with curvature
given by ´cˆ^ dtˆ. We can therefore evaluate the action using Proposition 4.6. As W ˆ S1 is a
direct product, its Wu class vanishes, so we can take λ “ 0. Moreover pcˆ^ dtˆq ^ p´cˆ^ dtˆq “ 0,
so the first term in (4.16) vanishes as well. The exponentiated action is therefore equal to 1.
This shows that q1M vanishes on L
p2q
W and that M has Arf invariant 0.
Consider a 2-torus with a distinguished basis of its first homology. Pick the non-bounding
spin structure along the generators. The resulting spin structure is actually independent of the
choice of basis, and the corresponding Arf invariant is 1. This example shows that the cobordism
invariant defined above can be non-trivial. It also shows that the cobordism invariant aM is a
generalization of the Arf invariant of spin structures [21].
Proposition 7.13. Suppose there is a 4` ` 2-dimensional W-manifold M with an admissible
Wu structure such that aM “ 1. One can always change the Wu structure to an admissible one
such that aM “ 0.
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Proof. Pick a Lagrangian subgroup L of Gp2qM . q1M |L is linear, hence coincides with a character
χL “ p‚, x1LqGp2qM for some x
1
L P Gp2qM . x1L can be lifted to an element of H2``1pM ; Λ¯q and then
reduced mod 2Λ to an element xL of H2``1pM ; Γ¯p2qq. We can use xL to shift the Wu structure
of M .
The quadratic refinement associated to the shifted Wu structure is qM ´χL. As it vanishes
on L, it has Arf invariant zero.
It remains to check that the Wu structure obtained in this way is admissible. Recall that
admissible Wu structures differ by elements of the group WN , defined above Proposition 4.12.
WN contains in particular the elements of H2``1pM ; Γ¯p2qq orthogonal to the image of the torsion
subgroup H2``1tors pM ; Λ¯q into H2``1pM ; Γ¯p2qq. From the construction above, it is clear that xL
belongs to WM . As the original Wu structure is admissible by assumption, the shifted Wu
structure is admissible as well.
We will see in Section 8 that the state space of the gauged theory can be constructed only on
4`` 2-dimensional manifolds with vanishing Arf invariant. By the proposition above, this is a
constraint on the Wu structure, not on the underlying manifold.
7.4 Push-down
In the discussion so far, we have defined operators Qpx, jq on VM,x, with j P H2``1free pM ; Λ˚q.
Let GM,2Λ :“ H2``1free pM ; Λ˚q{2H2``1free pM ; Λq. We have
Lemma 7.14. Qpx, jq “ Qpx, j ` 2bq, for b P H2``1free pM ; Λq, hence Qpx, jq is well-defined for
j P GM,2Λ.
Proof. This follows immediately from the discussions in the previous section, for instance from
the first line of (7.29) after substituting 2b for b there.
The aim of the present section is to define analogous operators parametrized by k P GM :“
H2``1free pM ; Λ˚q{H2``1free pM ; Λq.
Let t P C, j P GM,2Λ and consider the operators tQpx, jq. For fixed x and j they form
a copy of the trivial Hermitian line C, which we write Cpx,jq. Suppose that j2 “ j1 ` b,
for b P H2``1free pM ; Λ¯q{2H2``1free pM ; Λq. Qpx, j1q and Qpx, j2q have the same domain and tar-
get, so Qpx, j2qpQpx, j1qq´1 “: αpx, j1, bq P C. This provides an identification of the Her-
mitian lines Cpx,j1q and Cpx,j2q. Identifying all the trivial Hermitian lines Cpx,j`bq, for b P
H2``1free pM ; Λ¯q{2H2``1free pM ; Λq, we obtain a Hermitian line Lpx,kq, where k P GM is the reduction
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of j modulo Λ. Remark that the lines Lpx,0q are canonically trivialized, as there is a preferred
isomorphism to Cpx,0q.
Given l P Lpx,kq, we obtain an operator
P px, k, lq :“ tQpx, jq , (7.36)
where t is the element of Cpx,jq corresponding to l. One can check that the definition of P is
independent of the choice of lift j.
Proposition 7.15. Lpx,kq is independent of x.
Proof. Concretely, we need to check that αpx, j, bq is independent of x. To show that, remark
that (7.16) implies that
αpx, j, bq “ Qpx, j ` bqpQpx, jqq´1 “ Qpx` j, bqψ´1pj, bq . (7.37)
Proposition 7.10 ensures that Qpx`j, bq is independent of x, hence the right-hand side of (7.37)
is independent of x.
From now on we write Lk for Lpx,kq. Remark that the Hermitian lines Lk are trivialized by
a choice of lift j : GM Ñ GM,2Λ: Lk » Cpx,jpkqq. Such a lift is in general not a homomorphism
and given k1, k2 P GM , there is a unique bpk1, k2q P H2``1free pM ; Λ¯q{2H2``1free pM ; Λq such that
jpk1q ` jpk2q “ jpk1 ` k2q ` bpk1, k2q . (7.38)
Define
φpk1, k2q “
`
Qpx, jpk1 ` k2qq
˘´1
Qpx` k1, jpk2qqQpx, jpk1qq . (7.39)
Although we do not make this fact explicit in the notation, φ depends on the choice of trivial-
ization j.
Proposition 7.16. φ is a 2-cocycle on GM valued in Up1q, i.e.
φpk1, k2qφpk1 ` k2, k3q “ φpk1, k2 ` k3qφpk2, k3q . (7.40)
Moreover φ is independent of x, it is skew-symmetric
φpk2, k1q “
`
φpk1, k2q
˘´1
, (7.41)
and
φpk1, k2q
`
φpk2, k1q
˘´1 “ exp´2piixk1 Y k2, rM sy . (7.42)
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Proof. Remark that
φpk1, k2q “ ψpjpk1q, jpk2qq Qpx, jpk1q ` jpk2qq
Qpx, jpk1 ` k2qq , (7.43)
(7.16) implies
Qpx, jpk1q ` jpk2qq
Qpx, jpk1 ` k2qq “ ψpbpk1, k2q, jpk1q ` jpk2qq pQpx, bpk1, k2qqq
´1 , (7.44)
which shows that the second factor in (7.43) is a sign. We deduce that φ is skew-symmetric
because ψ is. (7.42) is a direct consequence of (7.43). (7.44) also show that φ is independent
of x.
To check the cocycle condition (7.40), we need to simplify the notation a bit. We write
ja :“ jpkaq, ba|b :“ bpka, kbq, bab|c :“ bpka ` kb, kcq, a, b, c P 1, 2, 3. We also write Q´1pba|bq :“
pQpx, bpka, kbqq´1. We can now compute each of the factors in (7.40), using (7.43), (7.44) and
the relation jpka ` kbq “ ja ` jb ` ba|b.
φpk1, k2q “ψpj1, j2qψpb1|2, j1 ` j2qQ´1pb1|2q ,
φpk1 ` k2, k3q “ψpj1, j3qψpj2, j3qψpb1|2, j3qψpb12|3, j1qψpb12|3, j2q
ψpb12|3, b1|2qψpb12|3, j3qQ´1pb12|3q , (7.45)
φpk1, k2 ` k3q “ψpj1, j2qψpj1, j3qψpj1, b2|3qψpb1|23, j1qψpb1|23, j2q
ψpb1|23, j3qψpb1|23, b2|3qQ´1pb1|23q ,
φpk2, k3q “ψpj2, j3qψpb2|3, j2 ` j3qQ´1pb2|3q ,
Plugging the expressions above into (7.40), all the factors of the form ψpja, jbq cancel. Using
(7.16) and the fact that ψpj1, b2|3q “ ˘1, hence ψpj1, b2|3q “ ψpb2|3, j1q, we can gather factors
and obtain
ψpb1|2`b12|3, j1` j2` j3qQ´1pb1|2`b12|3q ?“ ψpb1|23`b2|3, j1` j2` j3qQ´1pb1|23`b2|3q . (7.46)
This equality is true because b1|2 ` b12|3 “ b1|23 ` b2|3, as is obvious from the definition of b in
(7.38).
7.5 The Heisenberg group and its representations
We now describe the canonical representation of the Heisenberg group associated to GM on
VM,w. In Appendix F, we review some basic facts about Heisenberg groups.
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There is a bimultiplicative pairing on GM given by
Bpk1, k2q :“ exp´2piixkˆ1 ^ kˆ2, rM sy , (7.47)
where kˆ1 and kˆ2 are differential form representatives of k1, k2 P GM . B is independent of the
choice of representatives. We write HM for the corresponding Heisenberg group. Given a lift j
as in Section 7.4, the associated cocycle φ provides an explicit realization of HM on the set of
pairs pk, tq P GM ˆ Up1q, with the multiplication law given by
pk1, t1q ¨ pk2, t2q “ pk1 ` k2, φpk1, k2qt1t2q . (7.48)
This realization depends on the lift j through φ.
Given w P YflatM , we can obtain a canonical realization of HM as follows. Let k P GM and
l P Lk. Let us define
ρpk, lq “ à
xPw`GM
P px, k, lq : VM,w Ñ VM,w . (7.49)
ρ˜pk, lq “ à
xPw`GM
Bpk, x´ wqP px, k, lq : VM,w Ñ VM,w . (7.50)
Remark that x´ w P GM so Bpk, x´ wq is well-defined.
Proposition 7.17. VM,w carries the regular representation of HM , with the right regular rep-
resentation given by ρ and the left regular representation given by ρ˜.
Proof. In this proof, all the sums over x are understood to run over w ` GM . Pick a lift j of
k as in Section 7.4 and let φ be the associated 2-cocycle. Then each l P Lk can be canonically
identified with a complex number. In particular, there is an element lpkq P Lk associated to
1 P Cpx,jpkqq. Then P px, k, lq “ l{lpkqQpx, jpkqq, where l{lpkq P C.
We can now check that ρ is a right action of HM :
ρpk2, l2q ˝ ρpk1, l1q “ t1t2
à
x
Qpx` k1, jpk2qqQpx, jpk1qq
“ t1t2
à
x
φpk1, k2qQpx, jpk1 ` k2qq (7.51)
“ ρ`pk1, l1q ¨ pk2, l2q˘ ,
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where ti “ li{lpkiq. ρ˜ is a left action of HM :
ρ˜pk2, l2q ˝ ρ˜pk1, l1q “ t1t2
à
x
Bpk2, x´ w ` k1qQpx` k1, jpk2qqBpk1, x´ wqQpx, jpk1qq
“ t1t2Bpk2, k1q
à
x
Bpk2, x´ wqBpk1, x´ wqφpk1, k2qQpx, jpk1 ` k2qq
“ t1t2
à
x
Bpk1 ` k2, x´ wqφpk2, k1qQpx, jpk1 ` k2qq (7.52)
“ ρ˜`pk2, l2q ¨ pk1, l1q˘ .
Moreover, the two actions commute:
ρ˜pk2, l2q ˝ ρpk1, l1q “ t1t2
à
x
Bpk2, x´ w ` k1qQpx` k1, jpk2qqQpx, jpk1qq
“ t1t2
à
x
Bpk2, x´ wqφpk2, k1qQpx, jpk1 ` k2qq (7.53)
“ t1t2
à
x
Bpk2, x´ wqQpx` k2, jpk1qqQpx, jpk2qq (7.54)
“ ρpk1, l1q ˝ ρ˜pk2, l2q . (7.55)
The dimension of VM,w is equal to |GM | by Proposition 5.2, so VM,w coincides indeed with the
regular representation of HM .
Note that the elements of norm 1 of a Hermitian line is a Up1q-torsor. Let us write Lp1qk for
the Up1q-torsor determined by Lk.
Corollary 7.18.
Ť
kPGM L
p1q
k endowed with the product given by the composition of the mor-
phisms ρpk, lq is a group isomorphic to HM .
This is the canonical realization of the Heisenberg group associated to the pW,Zflatq-manifold
pM, xˇq.
8 State space
Let pM,xq be a closed 4` ` 2-dimensional pW,Zflatq-manifold. Up to isomorphism, HM has
a unique irreducible module IM (see Appendix F). Informally, the state space RpMq of the
topological field theory R is the Hilbert space given by the direct sum of |KM | copies of IM .
However, characterizing RpMq up to isomorphisms is not sufficient, we need to construct ex-
plicitly a canonical Hilbert space from M .
48
Recall that Λ0 is the sublattice of Λ left invariant by the monodromy representation defining
Λ¯, and that Γ0 :“ Λ0˚{Λ0. As we will see, when |Γ0| is even, a canonical construction of the
Hilbert space is impossible without picking an extra structure on M , because of the existence
of a Hamiltonian anomaly. The latter is the counterpart on 4``2-dimensional manifolds of the
partition function anomaly on 4`` 3-dimensional manifolds described in Section 6.2, in a sense
that will be made precise in Section 10.4.
In the present section, we will choose the relevant extra structure on M and show how to
construct a Hilbert space given this choice. In Section 11, we will describe the state space in a
canonical way, as an object in a category linearly equivalent to the category of Hilbert spaces,
rather than as a Hilbert space.
8.1 Strategy
Recall Proposition 3.4, stating that GM » H2``1free pM ;Zq b Γ0. The skew-symmetric pairing on
GM is the tensor product of the skew-symmetric pairing on H2``1free pM ;Zq with the symmetric
pairing on Γ0. All these pairings are non-degenerate. Whenever we consider Lagrangian sub-
groups of GM , we always mean subgroups of the form L “ L1 b Γ0, where L1 is a Lagrangian
subgroup of H2``1free pM ;Zq.
Explicit models for IM can be obtained as follows. The Heisenberg group HM admits finite
commutative subgroups lifting the Lagrangian subgroups of GM . We will call such subgroups
LL subgroups. Given a LL subgroup L˜ Ă HM , the subspace of vectors in VM,w invariant under
ρpL˜q form an irreducible HM -module IpL˜q under the action ρ˜pHM q.
There is no canonical way to pick a preferred LL subgroup L˜. The plan is therefore to
use the invariant section construction, which we already encountered in the construction of
the prequantum theory, to construct a canonical irreducible module. When |Γ0| is even, the
existence of invariant sections requires us to pick extra structures on M restricting the set of
Lagrangians considered.
This construction can be understood as a discrete analogue of geometric quantization [31].
The LL subgroups play the role of the polarizations. We are constructing a flat parallel transport
on a bundle of Hilbert spaces over the (discrete) space of polarizations. The space of flat sections
forms the canonical Hilbert space that we aim to construct. We will also see an analogue of the
metaplectic correction of geometric quantization.
The results in this section are inspired by the work of Gurevich and Hadani [19, 20] on
the quantization of symplectic vector spaces over finite fields. Their results are extended in
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two directions. First, we need to generalize vector spaces over finite fields to free modules over
finite rings of the form Zr, r “ pm for p a prime and m a positive integer. This introduces
some complications that can be dealt with using the results of Taylor in [32]. Second, in
characteristic 2, we obtain a global trivialization of the bundle of Heisenberg modules (the
"strong Von Neumann property" in the language of [19, 20]), at the expense of restricting
ourselves to a subclass of LL subgroups. In the present context, this subclass is ultimately
determined by the Wu structure of M , as well as the extra structure to be described.
8.2 Extra structure for the construction of the Hilbert space
The extra structure required for the construction of the Hilbert space associated to M consists
of two pieces.
First, we need a lift j : GM Ñ GM,2Λ :“ H2``1free pM ; Λ¯˚q{2H2``1free pM ; Λ¯q. We consider as
equivalent any two choices of lifts j1 and j2 such that Qpx, j1pkqq “ Qpx, j2pkqq for all k P GM .
In general, such lifts cannot be homomorphisms, but if the order of Γ0 is odd, there is a
canonical choice of lift, which is a homomorphism. To construct it, we compose the division by
2 in Γ0, which is well-defined in odd order abelian groups, with the map Γ0 Ñ Γ0,2Λ given by
multiplication by two. In the odd case, we will always choose this canonical lift.
The second extra structure needed to construct the state space is non-trivial only if the
order of GM , hence of Γ0, is even. Using the classification theorem for finite abelian groups, we
can write
Γ0 “
à
r
Γ0,r , Γ0,r :“ Zmrr , (8.1)
where r runs over the power of primes and the mr are positive integers. We deduce from
Proposition 3.4 that
GM “
à
r
GM,r , GM,r :“ Z2nrr , (8.2)
for some positive integers nr :“ mrm, wherem is half the number of generators in H2``1free pM ;Zq.
The pairing B on GM decomposes into pairings Br on GM,r. For r even, pBrqr{2 is a t˘1u-valued
bimultiplicative pairing on GM,r{2GM,r. The extra structure is a choice of decomposition (8.2),
together with a (multiplicative) quadratic refinement qr of pBrqr{2 of Arf invariant zero, for
each even r appearing in the decomposition.
We will write  :“ pj, tqruq for the choice of extra structure. A 4` ` 2-dimensional W-
manifold endowed with such an extra structure will be called a pW, q-manifold. Remark that
effectively, no extra structure is needed to construct the Hilbert space of the theory onM when
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GM , hence Γ0, has odd order. In particular, Γ0 has odd order if Γ has odd order, which is a
property of the field theory, valid for any local system on any 4`` 2-dimensional manifold M .
8.3 Admissible Lagrangian subgroups
ψ is a perfect bimultiplicative pairing on GM,2Λ and it is in fact a square root of the pairing
B on GM , as shown by (7.23). By the proof of Proposition 3.4, we can also write GM,2Λ »
H2``1free pM ;Zq b Γ0,2Λ, where Γ0,2Λ :“ Λ0˚{2Λ0. When speaking of Lagrangian subgroups of
GM,2Λ, we will always understand subgroups of the form L1 b Γ0,2Λ, where L1 is a Lagrangian
subgroup of H2``1free pM ;Zq. If L2Λ is such a Lagrangian subgroup, then its projection to GM is
a Lagrangian subgroup L. Suppose we picked the extra structure  “ pj, tqruq on M . Then L
decomposes into a direct sum of Lagrangian subgroups Lr Ă GM,r.
Definition 8.1. The pair pL2Λ, Lq is called admissible with respect to  if the following condi-
tions are satisfied.
1. jpLq Ă L2Λ.
2. If b P L2Λ XH2``1free pM ; Λq{2H2``1free pM ; Λq, then qM pbq “ 1, where qM is the multiplicative
quadratic refinement of the cup product pairing mod 2 defined in Section 7.3.
3. qr|Lr{2GM,r “ 1.
We will also call admissible those Lagrangians L Ă GM fitting into an admissible pair
pL2Λ, Lq. Note that given L we can always choose a lift j such that the first admissibility
condition is satisfied. Thanks to the Arf invariant zero constraint on qr, there are always
Lagrangian subgroups satisfying the third admissibility condition. The second admissibility
condition can be satisfied if the Arf invariant aM vanishes. Proposition 7.13 then shows that
given any Lagrangian subgroup L2Λ, one can always pick a Wu structure so that aM “ 0 and
the second admissibility condition holds. Therefore the existence of admissible Lagrangian
subgroups is a constraint on the Wu structure only. The lift j determines a 2-cocycle φ on GM ,
as explained in Section 7.4.
Proposition 8.2. If L is admissible, then φ|L “ 1.
Proof. Recall the expression of φ given by (7.43) and (7.44), which amount to
φpk1, k2q “ ψpjpk1q, jpk2qqψpbpk1, k2q, jpk1q ` jpk2qq pQpx, bpk1, k2qqq´1 . (8.3)
If k1, k2 P L, then the first two factors are equal to 1 by the isotropy of L2Λ. The last factor is
equal to 1 thanks to the second admissibility condition.
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8.4 LL subgroups and orientations
We obtain from φ a realization of HM on GM ˆUp1q given by (7.48). A LL subgroup of HM is
then specified by a pair pL, qLq, where L is a Lagrangian subgroup of GM and qL is a quadratic
refinement of φ|L. More explicitly, the elements of GM ˆ Up1q corresponding to L˜ are pairs
pl, qLplqq with l P L.
Proposition 8.2 shows that if L is admissible, there is a preferred associated LL subgroup,
given by the trivial quadratic refinement, qLpkq “ 1 for all k P L. We call this preferred LL
subgroup admissible and write it L˜.
Recall as well that j determines a trivialization of the Hermitian lines Lk. We will find it
convenient to write for t P C
ρpk, tq “ à
xPw`GM
tQpx, jpkqq , (8.4)
ρ˜pk, tq “ à
xPw`GM
tBpk, x´ wqQpx, jpkqq , (8.5)
which are simply (7.49) and (7.50) expressed in the trivialization of Lk determined by j. We
will also write ρpkq and ρ˜pkq for ρpk, 1q and ρ˜pk, 1q.
Let r be a power of a prime p. Zr is a ring, and let Ξ be a free Zr module, of the form Znr .
An orientation of Ξ is a generator of
Źn Ξ » Zr. For a generic finite abelian group Ξ »Àr Znr ,
an orientation is a collection of orientations for each of the summands. We will consider below
orientations of Lagrangian subgroups of GM . By extension, an orientation of an LL subgroup
is an orientation of the underlying Lagrangian subgroup.
8.5 Bundle of Heisenberg modules and parallel transport
Let Co, be the category defined as follows. Its objects are the oriented LL subgroups of HM
admissible with respect to  and there is a single morphism between each pair of objects.
Let I be the category of irreducible modules for HM , with morphisms given by intertwining
isomorphisms. Our aim is to define a functor Fo, : Co, Ñ I. Given such a functor, we can take
its space of invariant sections to get a canonical irreducible module for HM . ("Canonical" is
understood here and in the following up to a choice of extra structure .) We can picture Fo,
as a bundle of Heisenberg modules over Co, endowed with a holonomy-free parallel transport
operation. The invariant sections are then the flat sections of Fo,.
We define Fo, on objects as follows. Fo, associates the irreducible HM -module IpL˜q described
in Section 8.1 to the object L˜ of Co,. Note that this assignment is independent of the orientation.
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We will now describe Fo, on morphisms. Let L˜1 and L˜2 be two oriented admissible LL
subgroups. Recall that IpL˜iq is composed of the vectors in VM,w invariant under the action of
ρpL˜iq. We can therefore define a homomorphism FL˜2,L˜1 : IpL˜1q Ñ IpL˜2q by
FL˜2,L˜1pvq “
ÿ
kPL2
ρpkqv , v P IpL˜1q . (8.6)
By irreducibility, these homomorphisms compose up to a complex factor: given admissible
oriented LL subgroups L˜1, L˜2, L˜3, we have
FL˜3,L˜2 ˝ FL˜2,L˜1 “ apL˜3, L˜2, L˜1qFL˜3,L˜1 , apL˜3, L˜2, L˜1q P C . (8.7)
Remark 8.3. In the context of Lagrangians of a real symplectic vector space, the quantity
apL˜3, L˜2, L˜1q is essentially the Maslov index of the triplet of Lagrangians pL3, L2, L1q, see for
instance [33]. We will use this terminology in the following.
In Section 8.7, Proposition 8.16, we will prove
Assertion 8.4. There is a C˚-valued function b depending on ordered pairs of admissible ori-
ented LL subgroups such that
apL˜3, L˜2, L˜1q “ bpL˜3, L˜2qbpL˜2, L˜1qpbpL˜3, L˜1qq´1 . (8.8)
We will refer to a function b with the property (8.8) as a "trivialization" of the Maslov
index. Given such a trivialization,
TL˜2,L˜1 :“ pbpL˜2, L˜1qq´1FL˜2,L˜1 (8.9)
satisfies
TL˜3,L˜2 ˝ TL˜2,L˜1 “ TL˜3,L˜1 . (8.10)
We can now define the functor Fo, on morphisms:
Fo,pL˜1 Ñ L˜2q :“ TL˜2,L˜1 . (8.11)
(8.10) shows that Fo, is compatible with the composition of morphisms in Co, and I, hence is
indeed a functor.
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8.6 Maslov index
The aim of the present section and of the next one is to prove Assertion 8.4. The first step,
taken in the present section, is to study the Maslov index apL˜3, L˜2, L˜1q, written a321 in the
following.
We start by introducing some notation and stating some basic facts about triplets of La-
grangian subgroups pL1, L2, L3q. Given such a triplet, define
L12 :“ L1 X L2 , L23 :“ L2 X L3 , L31 :“ L3 X L1 , (8.12)
and L123 “ L1X L2X L3. We write S2 for the subgroup of elements of L2 that can be written as
sums of elements in L1 and in L3, R2 :“ L2{S2 and U2 “ S2{pL12YL23q. (By L12YL23, we mean
the smallest subgroup of L2 containing L12 and L23.) By cyclic permutations of the indices, we
define Si, Ri and Ui for i “ 1, 3.
Consider a pair of group homomorphisms p21 : S2 Ñ S3 and p23 : S2 Ñ S1 with the property
that
k2 “ p21pk2q ` p23pk2q (8.13)
for each k2 P S2. Remark that if k2 P L12 X S2, then the fact that L1 is a subgroup implies
that p23pk2q P L31 X S3 and p21pk2q P pL12 Y L31q X S1. Similarly, if k2 P L23 X S2, then
p21pk2q P L31 X S1 and p23pk2q P pL23 Y L31q X S3. This implies that the homomorphisms p21
and p23 induce well-defined homomorphisms
p˜21 : U2 Ñ U1 , p˜23 : U2 Ñ U3 . (8.14)
Proposition 8.5. p˜21 and p˜23 are isomorphisms. Moreover, they are independent of the choices
of homomorphisms p21 and p23.
Proof. We prove this proposition for p˜21, the proof for p˜23 being obtained by a permutation of
the indices.
p˜21 is injective. Indeed, let us write k˜2 for the equivalence class in U2 of k2 P S2. Assume
that p˜21pk˜2q “ 0 in U1, so p21pk2q P pL12YL31qXS1. If p21pk2q P L12XS1, then p23pk2q P L23XS3
so k2 P pL12 Y L23q X S2. If p21pk2q P L31 X S1, then k2 P L23 X S2. By the homomorphism
property, we have k2 P pL12 Y L23q X S2 whenever p21pk2q P pL12 Y L31q X S1, so k˜2 “ 0.
Repeating the construction with permuted indices, we obtain a sequence of injective homo-
morphisms U2
p˜21Ñ U1 Ñ U3 Ñ U2. This can occur only if |U1| “ |U2| “ |U3| and p˜21 is an
isomorphism.
54
To see that p˜21 is independent of the choice of p21, remark that the constraint (8.13) requires
any other choice p121 to satisfy p121pk2q ´ p21pk2q P L31 X S1, hence the induced homomorphisms
between U2 and U1 agree.
Therefore U1, U2 and U3 are canonically isomorphic.
Proposition 8.6. The following pairing on S2 is symmetric and bimultiplicative:
B321p‚, ‚q :“ Bpp21p‚q, p23p‚qq “ Bp‚, p23p‚qq “ Bpp21p‚q, ‚q . (8.15)
It passes to a well-defined non-degenerate pairing on U2.
Proof. Using the isotropy of Si, the defining relation (8.13) for p21 and p23 and the bimulti-
plicative property of B, one easily proves the chain of equalities in (8.15). The isotropy of Si
makes it also clear that B321p‚, ‚q passes to a well-defined pairing on U2.
B321 is bimultiplicative, as B is bimultiplicative and p21 and p23 are group homomorphisms.
We have for k, k1 P U2
1 “ Bpp21pkq ` p23pkq, p21pk1q ` p23pk1qq “ pBpp21pk1q, p23pkqqq´1Bpp21pkq, p23pk1qqq , (8.16)
so B321 is symmetric. Finally, suppose that there is u P U2 such that B321pu, u1q “ 1 for all
u1 P U2. Let k be a lift of u to S2. Then p23pkq is an element of L3 in LK2 “ L2. Hence
p23pkq P L23, p˜23puq “ 0 and u “ 0, so B321 is non-degenerate on U2.
Depending on the context, we will consider B321 as a non-degenerate pairing on U2 or as a
possibly degenerate pairing on S2. The main result of this section is the following.
Proposition 8.7. a321 can be expressed as a Gauss sum,
a321 “ Gausspq321q , (8.17)
where q321 is the quadratic function on S2 defined by
q321pkq :“ φpk, p23pkqq , (8.18)
for k P S2.
Proof. Consider
v “
ÿ
kPL1
ρpkqv0 P IpL˜1q , (8.19)
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where v0 is a vector generating SepM,wq Ă VM,w. We also write δ0 for the linear functional on
VM,w equal to 1 on v0 and to zero on SepM,xq, x ‰ w. Let us compute
δ0
´
FL˜3,L˜1v
¯
“ δ0
˜ ÿ
k1PL3
ÿ
kPL1
φpk1, kqρpk1 ` kqv0
¸
“ |L13| . (8.20)
Indeed, k ` k1 “ 0 only if k, k1 P L13. Combining (8.7) and (8.20), we have
|L13|a321 “ δ0
´
FL˜3,L˜2 ˝ FL˜2,L˜1v
¯
“ δ0
˜ ÿ
k2PL3
ÿ
k1PL2
ÿ
kPL1
ρpk2q ρpk1q ρpkq v0
¸
(8.21)
“
ÿ
kPS2
ÿ
lPL13
φpp23pkq ´ l,´kq φp´p21pkq ´ l, p21pkq ` lq
“ |L13|
ÿ
kPS2
φpk, p23pkqq .
On the second line, we used the defining relations of the Heisenberg group and the fact that
the triplets pk, k1, k2q P L1 ˆ L2 ˆ L3 such that k ` k1 ` k2 “ 0 are in bijection with S2 ˆ L13.
The second factor of the third line is equal to 1, because both arguments are in L1, and φ is
trivial when restricted to an admissible Lagrangian. Furthermore, using the 2-cocycle property
(7.40) of φ, for k P S2, l P L31,
φpp23pkq ´ l,´kq “ φp´l, p23pkq ´ kqφpp23pkq,´kqφ´1p´l, p23pkqq
“ φpp23pkq,´kq ,
where the first (third) factor is equal to 1 because both of its arguments are in L1 (L3). We
deduce that
a321 “
ÿ
kPS2
q321pkq “ Gausspq321q (8.22)
Proposition 8.8. q321 is a tame quadratic refinement of B321, seen as a degenerate pairing on
S2.
Proof. Using repeatedly the fact (7.40) that φ is a 2-cocycle and that it vanishes on admissible
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Lagrangians, we compute for k, k1 P S2
q321pk ` k1q “ φpp23pkq ` p23pk1q,´k ´ k1q
“ φpp23pkq ` p23pk1q,´kqφp´p21pkq ` p23pk1q,´k1q
“ φpp23pkq, p23pk1q ´ kqφpp23pk1q,´kqφ´1p´p21pkq, p23pk1qqφpp23pk1q,´k1q (8.23)
“ φp´p21pkq, p23pk1qqφpp23pkq,´kqφ´1p´k, p23pk1qqφpp23pk1q,´kq
φ´1p´p21pkq, p23pk1qqφpp23pk1q,´k1q
“ q321pkqq321pk1qBpp23pk1q,´kq
“ q321pkqq321pk1qB321pk, k1q .
In the last stages, we also used the skew-symmetry of φ.
To show that q321 is tame, we have to show that it vanishes on the radical pL12 Y L23q X S2
of B321. Let k “ k1 ` k3 be an element of the radical, with k1 P L12 X S2 and k3 P L23 X S2. As
p23pk1q P L31 X S3 and φ “ 1 on L1, q321pk1q “ 1. Similarly, as p23pk3q P pL23 X L31q X S3 and
φ “ 1 on L3, q321pk3q “ 1. Finally B321pk3, k1q “ Bpk3, p23pk1qq “ 1 from the isotropy of L3.
The quadratic refinement property therefore ensures that q321pkq “ 1, so q321 is tame.
8.7 Trivialization of the Maslov index
The aim of this section is to prove Assertion 8.4. Given a decomposition Γ0 “ Àr Zmrr , with
r running over powers of primes, we obtain a decomposition of GM »Àr GM,r »Àr Z2nrr , as
explained in Section 8.2. Any Lagrangian subgroup of GM (in the sense explained in Section
8.1) projects onto Lagrangian subgroups of each term of the direct sum, for which the analysis of
the previous section can be carried out. The total Maslov index is then expressed as a product
with one factor coming from each term in the direct sum. We will be able to trivialize the
Maslov index independently on each term of the direct sum, so we focus on a single term in the
following. We set therefore GM “ Z2nrr and we will write n for nr. Our first task is to suitably
diagonalize q321.
Proposition 8.9. If r is even, B321 is even, in the sense that for u P U2, B321pu, uq P
exp 2pii2rZ.
Proof. Let k P S2 be a lift of u P U2. We have
pB321pu, uqqr{2 “ pBpp21pkq, p23pkqqqr{2 “ pqrpp21pkqqq´1pqrpp23pkqqq´1qrpkq “ 1 . (8.24)
We used the fact thatBr{2 admits the quadratic refinement qr and that by the third admissibility
condition, qr vanishes on Li, i “ 1, 2, 3.
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We will now use Taylor’s classification of finite abelian groups endowed with quadratic
refinements (Theorem 3.5 of [16], also reviewed in Appendix A). Together with the evenness of
B321 for r even, Taylor’s classification directly implies
Proposition 8.10. When r is even, pU2, q321q, as a group endowed with a quadratic refinement,
is a direct sum of groups pZ2r , qpr,a0,a1qq. Writing u0 and u1 for the generators of Z2r, the quadratic
refinement qpr,a0,a1q, a0, a1 P Zr, satisfies
qpr,a0,a1qpu0q “ exp
2pii
r
a0 , qpr,a0,a1qpu1q “ exp
2pii
r
a1 , (8.25)
and the associated symmetric bimultiplicative form Ba0,a1 is the following:
Ba0,a1pmiui,m1jujq “ exp 2piir mibijm
1
j , pbijq “
ˆ
2a0 1
1 2a1
˙
. (8.26)
Proposition 8.11. When r is odd, pU2, q321q, as a group endowed with a quadratic refinement,
is a direct sum of groups pZr, qpr,aqq. a is an integer prime to r, taken modulo r. Writing u for
the generator of Zr, the quadratic refinement is given by
qpr,aqpuq “ exp 2piir a . (8.27)
The associated bimultiplicative form Ba is
Bapmu,m1uq “ exp 4pii
r
mam1 . (8.28)
Let ωr “ exp 2piir if r is odd and ωr “ exp piir if r is even. The following proposition expresses
q321 in terms of a bilinear form on U2.
Proposition 8.12. We have
q321pkq “ ωCpk,kqr , (8.29)
where C is a symmetric Zr-valued bilinear form on U2 » ZnUr defined by
C “ r
2pii
lnB321 r even, (8.30)
C “ r
4pii
lnB321 r odd . (8.31)
We used the fact that the division by 2 is well-defined in Zr for r odd.
Proof. In the even case, Proposition 8.10 implies that
qpr,a0,a1qpujq “ exp
2pii
r
aj “ ω2ajr “ ω
r
2pii
lnBa0,a1 paj ,ajq
r . (8.32)
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In the odd case, Proposition 8.11 implies that
qpr,aqpuq “ exp 2piir a “ ω
a
r “
b
ω
r lnBapa,aq
r “ ω
r
4pii
lnBapa,aq
r , (8.33)
where the square root is uniquely defined among rth roots of unity.
Let us now recall the definition of the Kronecker symbol pa|bqK , a P Z, b P N. Let b “
2s0
ś
ią0 p
si
i be the prime decomposition of b. Then
pa|bqK :“
ˆ
a
2
˙s0
L
ź
ią0
ˆ
a
pi
˙si
L
. (8.34)
`
a
pi
˘
L
is the Legendre symbol of the odd prime pi, namely the function on Z assigning 1 to
quadratic residue mod pi, ´1 to quadratic non-residue mod pi and 0 to multiples of pi.
`
a
2
˘
L
is
defined to be 1 if a “ ˘1 mod 8, ´1 if a “ ˘3 mod 8, and zero if a is even. The Kronecker
symbol is multiplicative in its top argument as long as only strictly positive integers are involved
(which will always be the case for us).
Proposition 8.13. For r even, we have
Gausspq321q “ |L12|
1{2|L23|1{2|L|1{2
|L31|1{2 pdetC|rqK . (8.35)
where |L| :“ |Li|. For r odd, we have
Gausspq321q “ |L12|
1{2|L23|1{2|L|1{2
|L31|1{2 pGausspqr,1qq
nUpdetC|rqK . (8.36)
Proof. We can decompose the computation of the Gauss sum into the computation of its com-
plex modulus and the computation of its phase.
Corollary 1.11 of [32] tells us that
|Gausspq321q| “
a|L12 Y L23||S2| , (8.37)
because |L12 Y L23| is the radical of B321 on S2. We can rewrite
|L12 Y L23| “ |L12||L23||L123| , |S2| “
|L|
|R2| “
|L||L123|
|L13| , (8.38)
where the third equality follows from the fact that |R2| “ |L13{L123|, as will be shown shortly
in Proposition 8.15. Combining (8.37) with (8.38), we obtain (8.35) and (8.36) up to phases.
As q321 is tame, the phase of its Gauss sum coincides with the phase of the Gauss sum of
its reduction to U2. The computation is then a straightforward application of Proposition A.5,
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which is a special case of another result of Taylor, namely Proposition 2.8 of [32]. To apply
Proposition A.5 we lift C to a integer valued matrix C˜ such that C˜ “ C mod r. We see C˜ as
a pairing on ZnU , and write ZnUr “ ZnU bZ Zr. Proposition 8.12 implies that 12pii ln q321pkq “
C˜pk, kqbqr,addp1q, where qr,add is the additive quadratic refinement on Zr taking value 1r on the
generator for r odd and 12r for r even. Substituting in Proposition A.5, we obtain the phases
of (8.35) and (8.36).
Our aim is now to reexpress the determinants in the formulas above in terms of orientations,
to obtain a trivialization of the Maslov index. C induces a pairing on
ŹnU U2, which we also
write C. We have
Lemma 8.14. Pick any orientation oU2 of U2. Then
detpCq “ CpoU2 , oU2q (8.39)
Proof. Recall that U2 “ ZnUr and pick an oriented system of generators ei, i “ 1, ..., nU. Using
the definition of the determinant,
detpCq “
ÿ
σPSnU
p´1qσ
ź
i
Cpei, eσiq
“ Cpe1 ^ ...^ enU , e1 ^ ...^ enUq (8.40)
“ CpoU2 , oU2q .
Let us define the t1, 0,´1u-valued pairings
E “
´ r
2pii
lnB|r
¯
K
r even, (8.41)
E “
ˆ
1
2
r
2pii
lnB|r
˙
K
r odd , (8.42)
where the extra division by 2 is again well-defined in Zr for r odd. Then`
Cpk, k1q|r˘
K
“ Epp21pkq, p23pk1qq . (8.43)
Remark that the groups Lij , L123, Si, Ri, i, j “ 1, 2, 3 are all free Zr-modules. We pick isomor-
phisms
L1 » L123 ˆ L31{L123 ˆ L12{L123 ˆ R1 ˆ U1 ,
L2 » L123 ˆ L12{L123 ˆ L23{L123 ˆ R2 ˆ U2 , (8.44)
L3 » L123 ˆ L23{L123 ˆ L31{L123 ˆ R3 ˆ U3 ,
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as well as orientations o123 on L123, oij on Lij and oSi on Si. Together with the orientations oi
existing on Li and the choice of ordering in (8.44), they determine orientations oRi on Ri, oUi on
Ui, oi{oij on Li{Lij and oij{o123 on Lij{L123. We take the convention that the orientations on
quotients are induced by ordering first the generators of the subgroup to be quotiented followed
by the remaining generators. We will write Lij “ Znijr and L123 “ Zn123r .
Proposition 8.15. We have
pdetpCq|rqK “
`p´1qn31´n123 |r˘
K
Epo1{o12, o2{o12qEpo2{o23, o3{o23q pEpo1{o13, o3{o13qq´1
(8.45)
Proof. Consider the pairing determined by E between L2 and L3. It has the following block
structure with respect to the decomposition above:
L2
$’’’’’&’’’’’%
¨˚
˚˚˚˚
˝
0 0 0 0 0
0 0 0 ˚ 0
0 0 0 0 0
0 0 ˚ ˚ ˚
0 0 0 ˚ ˚
‹˛‹‹‹‹‚
L3hkkkkkkkikkkkkkkj
(8.46)
For instance, Epk2, k3q “ 0 for any k2 P L23, k3 P L3 because of the isotropy of L3. The pairing
also vanishes when k2 P U2 and k3 P L31{L123, because k2 can be written as the sum of an
element in L1 and an element in L3.
Remark also that B identifies L12{L123 as the Pontryagin dual of R3. Indeed, any Up1q-
valued character on L12 invariant under L123 can be extended to a character on GM vanishing
on L3. It has therefore to be of the form Bp‚, k3q for some k3 P L3. Elements in S3 Ă L3 are
associated to trivial characters on L12{L123. Using the fact that the pairing determined by B
between L1{L12 and L2{L12 is non-degenerate, counting generators in the decomposition 8.44
proves the claim. Writing Ri » ZnRir , we have
n12 ´ n123 “ nR3 . (8.47)
The same claims hold after permuting the indices cyclically.
We now use the block decomposition to compute the right-hand side of (8.45).
Epo2{o23, o3{o23q “ Epp´1qnR2nR3o12{o123 ^ oR2 ^ oU2 , o31{o123 ^ oR3 ^ oU3q
“ EpoU2 , oU3qEpo12{o123, oR3qEpoR2 , o31{o123q (8.48)
“ EpoU2 , p˜23poU2qq
ˆ
oU3
p˜23poU2q
|r
˙
K
Epo12{o123, oR3qEpoR2 , o31{o123q ,
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where oU3p˜23poU2 q P Zr. Similarly, we find that
Epo1{o12, o2{o12q “ Epp˜21poU2q, oU2q
ˆ
oU1
p˜21poU2q
|r
˙
K
EpoR1 , o23{o123qEpo31{o123, oR2q ,
Epo1{o13, o3{o13q “ Epp˜21poU2q, p˜23poU2qq
ˆ
oU1
p˜21poU2q
oU3
p˜23poU2q
|r
˙
K
(8.49)
¨ Epo12{o123, oR3qEpoR1 , o23{o123q
Therefore
Epo3{o23, o2{o23qEpo2{o12, o1{o12q pEpo3{o13, o1{o13qq´1
“ pp´1qnR2 |rqK EpoU2 , p˜23poU2qqEpp˜21poU2q, oU2q pEpp˜21poU2q, p˜23poU2qqq´1 (8.50)
“ `p´1qn31´n123 |r˘
K
pCpoU2 , oU2q|rqK
The proposition now follows from Lemma 8.14.
Proposition 8.16. The factorization property of the Maslov index described in Assertion 8.4
holds if we set
bpL˜2, L˜1q “ |L12|1{2|L|1{2Epo2{o12, o1{o12q (8.51)
for r even or r “ 1 mod 4, and
bpL˜2, L˜1q “ |L12|1{2|L|1{2in´n12Epo2{o12, o1{o12q (8.52)
for r “ ´1 mod 4.
Remark that bpL˜2, L˜1q is independent of the choice of orientation o12 on L12. Indeed, changing
the orientation o12 produces a square that is mapped to 1 by the Kronecker symbol. bpL˜2, L˜1q
depends only on the admissible Lagrangian subgroups Li and on their orientations, as it should.
Proof. Let us summarize the results obtained so far. Proposition 8.7 identifies a321 as the Gauss
sum of q321. This Gauss sum was expressed in term of the determinant of a bilinear form C in
Proposition 8.13. The determinant was factorized in Proposition 8.15. We decompose the check
of equation (8.8) into its modulus and its phase. Only the first two factors have a modulus
different from 1 in the definition of bpL˜2, L˜1q. From the explicit expression for a321 in (8.35) and
(8.36), we see that (8.8) holds up to phases.
We now examine the phases. Let us start with r even. By definition, p´s|rqK “ ps|rqK ,
s P Zr so we can ignore all signs. Propositions 8.7, 8.13 and 8.15 yield directly the desired
factorization (8.8). For the r “ pm odd case, in comparing with the classification of Gauss
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sums in Appendix A, it is useful to keep in mind that if p “ 1 mod 4, r “ 1 mod 4 and if
p “ ´1 mod 4, r “ p´1qm mod 4.
If r “ 1 mod 4, the properties of the Kronecker symbol ensures that we still have p´s|rqK “
ps|rqK . Moreover, Taylor’s explicit computation of the elementary Gauss sums, Proposition 3.9
of [16] reviewed in Appendix A, shows that
Gausspqr,1q “ p1|rqK “ 1 (8.53)
The same argument as in the even case then yields the factorization.
If r “ ´1 mod 4, then p´s|rqK “ ´ps|rqK . Replacing (8.45) into (8.36), we find that
Gausspq321q “ pGausspqr,1qqnUp´1qn31´n123 ¨ (8.54)
Epo3{o23, o2{o23qEpo2{o12, o1{o12q pEpo3{o13, o1{o13qq´1 .
Taylor’s computation shows that
Gausspqr,1q “ ip1|rqK “ i . (8.55)
Moreover, (8.44) and (8.47) allow us to compute:
n “ n12 ` n23 ` n31 ´ 2n123 ` nU (8.56)
hence, modulo 4,
nU ` 2n31 ´ 2n123 “ n´ n12 ´ n23 ` n31 (8.57)
“ pn´ n12q ` pn´ n23q ´ pn´ n31q (8.58)
which proves the proposition.
Proposition 8.17. The homomorphism TK˜2,K˜1 defined in (8.9) is unitary.
Proof. Let vx be a unit norm vector in SepM,xq for some x P w ` GM . Then
v :“ 1
n1{2
ÿ
kPL1
ρpkqvx (8.59)
is a unit norm vector in IpL1q. Varying x, we can obtain an orthonormal basis of IpL1q composed
of vectors of this form. It is therefore sufficient to check that TK˜2,K˜1 preserves the norm of these
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vectors. We haveˇˇˇ
TK˜2,K˜1v
ˇˇˇ
“ |L12|´1{2|L|´1{2
ˇˇˇˇ
ˇ ÿ
k1PL2
ρpk1qv
ˇˇˇˇ
ˇ
“ |L12|´1{2|L|´1
ˇˇˇˇ
ˇ ÿ
k1PL2
ÿ
kPL1
ρpk1qρpkqvx
ˇˇˇˇ
ˇ
“ |L12|´1{2|L|´1
ˇˇˇˇ
ˇ ÿ
k1PL2
ÿ
kPL1
φpk1, kqρpk1 ` kqvx
ˇˇˇˇ
ˇ
“ |L12|1{2|L|´1
ˇˇˇˇ
ˇˇ ÿ
k1PL2{L12
ÿ
kPL1{L12
ÿ
k2PL12
φpk1, kqρpk1 ` k ` k2qvx
ˇˇˇˇ
ˇˇ (8.60)
“ |L12|1{2|L|´1
¨˝ ÿ
k1PL2{L12
ÿ
kPL1{L12
ÿ
k2PL12
|vx|2‚˛
1{2
“ |L12|1{2|L|´1 |L|
1{2
|L12|1{2
|L|1{2
|L12|1{2 |L12|
1{2
“ 1
We only used definitions up to the third line. On the fourth line, we decomposed the sum over
L1 and L2 into a sum over L1{L12, L2{L12 and two sums on L12, making choices of representatives
in Li of the classes in Li{L12. The summand is independent of one of the sums over L12, yielding
a factor |L12|. On the fifth line, we used the fact that all the summands on the fourth line belong
to distinct orthogonal Hermitian lines SepM,yq, y P w ` GM . As φ has unit modulus and ρ is
unitary, they drop out of the norm computation. The sums can now be performed trivially and
we can conclude the computation.
8.8 Metaplectic correction
Our construction so far can be seen as a Hermitian bundle Io, of irreducible modules for the
Heisenberg group HM over the discrete set La,o, “ ObjpCo,q of oriented -admissible Lagrangian
subgroups of GM . The maps TK˜2,K˜1 provides a notion of flat unitary parallel transport on Io,
that is compatible with the module structure on the fibers.
In the present section, our aim is to transfer these structures to the set La, of unoriented
admissible Lagrangians. Io, is not the pull-back of a bundle over La,, so it has to be suitably
twisted before it can be pushed down to La,. This procedure can be seen as a discrete analogue
of the "metaplectic correction" of geometric quantization [31].
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We use again the fact that as a group endowed with an alternating pairing, GM decomposes
into a direct product of groups of the form Z2nr and focus on a single factor. Let L Ă GM be an
admissible Lagrangian subgroup. As before, we write L˜ for the admissible LL subgroup of HM
canonically associated to L. Consider the bundle I over La, whose fiber over L is the set of
pairs pv, oLq composed of a vector v P IpL˜q and an orientation oL on L, subject to the equivalence
relation `po1L{oL|rqKv, oL˘ „ `v, o1L˘ . (8.61)
Here o1L{oL is the element s P Zr such that o1L “ soL.
Proposition 8.18. The flat unitary transport on Io, induces a flat unitary parallel transport
on I, given by
SL˜2,L˜1pv1, o1q “
´
TpL˜2,o2q,pL˜1,o1qv1, o2
¯
, (8.62)
where we made explicit the dependence of the parallel transport T on arbitrarily chosen orien-
tations oi of Li.
Proof. Let us first check that (8.62) is independent of the orientations o1 and o2. Under a
change of o1, we have
SL˜2,L˜1ppo1{o11|rqKv1, o11q “
´
po1{o11|rqKTpL˜2,o2q,pL˜1,o11qv1, o2
¯
“
´
TpL˜2,o2q,pL˜1,o1qv1, o2
¯
(8.63)
“ SL˜2,L˜1pv1, o1q .
Under a change of o2, we have
SL˜2,L˜1pv1, o1q “
´
TpL˜2,o12q,pL˜1,o1qv1, o
1
2
¯
“
´
po2{o12|rqKTpL˜2,o2q,pL˜1,o1qv1, o12
¯
(8.64)
„
´
TpL˜2,o2q,pL˜1,o1qv1, o2
¯
.
This shows that SL˜2,L˜1 is well-defined. The corresponding parallel transport onI is flat because
of (8.10).
8.9 Definition of the state space
We are finally ready to define the Hilbert space that the topological field theory assigns to a
closed 4`` 2-dimensional pW,Zflat, q-manifold pM, uˇq of Arf invariant zero, with uˇ P ZflatM .
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Define
V 1M,u “
à
xPu`EM {TM
SepM,xq » à
kPKM
VM,u`wpkq . (8.65)
For the second isomorphism, we picked a set of representatives wpkq P β´1pkq, k P KM to
express V 1M,u as the direct sum of the vector spaces defined in (7.1). V 1M,u carries the right
action of HM induced by (7.49), which we also write ρ. Only the right hand side of (8.65)
carries a natural left action (7.50) of HM , which is dependent on the lift w : KM Ñ YflatM . Of
course, as a Hilbert space V 1M,u is independent of w.
Let C be the category whose objects are the Lagrangian subgroups L Ă GM admissible with
respect to , and that admits one morphism for each pair of objects. We define a functor Fu,
from C into the category H of Hilbert spaces as follows:
Fu,pLq “ V 1M,u{ρpL˜q , Fu,pL1 Ñ L2q “
à
kPKM
SL˜2,L˜1 |VM,wpkq . (8.66)
The morphisms are simply the sum of the morphisms SL˜2,L˜1 for each of the Hilbert spaces
VM,wpkq. Note that as the definition of SL˜2,L˜1 is independent of wpkq, Fu, is independent of the
choice of lift w. Proposition 8.18 ensures that Fu, satisfies the axioms of a functor. Moreover,
all the automorphisms in C are trivial. This implies that Fu, admits a non-trivial space of
invariant sections IM,u,.
We finally define the state space of the topological field theory to be
RpM,u, q :“ µM ¨ IM,u, . (8.67)
Here, the Hilbert space µM ¨ IM,u, should be understood as the Hilbert space IM,u,, whose inner
product has been multiplied by the rational number µM defined in Section 3.5. There is no
natural HM -module structure on RpM,u, q. We can obtain one, induced by the left action ρ˜,
after choosing a lift w.
8.10 Disjoint unions and orientation flips
In this section, we drop the label . It is understood that all the manifolds are endowed with
extra structures.
Suppose that M can be expressed as a disjoint union of two manifolds: M “ M1 \M2.
Then the pairing on GM “ GM1 ˆ GM2 is block diagonal and HM “ HM1 ˆUp1q HM2 . By ˆUp1q,
we mean the quotient of the direct product HM1 ˆ HM2 by the anti-diagonal action of Up1q,
given in the model of (7.48) by pk1, t1, k2, t2q Ñ pk1, tt1, k2, t´1t2q, ki P GMi , t, t1, t2 P Up1q.
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More conceptually, when seeing the Heisenberg groups HM1 and HM2 as Up1q bundles over GM1
and GM2 , then HM is obtained by taking the direct product on the base and the tensor product
in the fibers, using the correspondence between Up1q bundles and Hermitian line bundles.
If M1 and M2 carry extra structures 1 and 2 as described in Section 8.2, they determine a
unique structure 12 on M1 \M2. Given uˆ1 P ZflatM1 and uˆ2 P ZflatM2 and using Proposition 5.5, we
have V 1M,u1`u2 “ V 1M1,u1 b V 1M2,u2 . The action of the Heisenberg group is compatible with this
tensor structure, hence IM,u1`u2,12 “ IM1,u1,1 b IM2,u2,2 . Therefore, we have:
Proposition 8.19. If M is a 4`` 2-dimensional pW,Zflat, q-manifold that can be decomposed
into the disjoint union M1\M2 of two pW,Zflat, q-manifolds, then RpMq “ RpM1q bRpM2q.
We now analyse the behavior of the state space under an orientation flip M Ñ ´M , where
pM, uˆ, q is now again a generic 4`` 2-dimensional pW,Zflat, q-manifold. We have
Proposition 8.20. Rp´Mq “ RpMq, the complex conjugate Hilbert space to RpMq.
Proof. From the corresponding property of the prequantum theory, Proposition 5.6, we have
V´M “ VM . Moreover, as groups GM “ G´M , but the pairing on G´M is the inverse of the
pairing (7.47) on GM . It follows that the Heisenberg group H´M , as a line bundle over GM , is
the complex conjugate of HM , with the multiplication maps given by the complex conjugates of
those of HM . It is now clear that the construction of the present section applied to ´M involves
taking the complex conjugates of all the factors, and we obtain in the end I´M,u, “ IM,u,.
9 Vectors associated to manifolds with boundaries
Let pM, uˆq be a 4`` 3-dimensional pW,Zflatq-manifold with boundary. Recall that given a flat
differential cohomology class x P YflatM,wˇ, with wˇ a flat differential cocycle on BM , the prequantum
theory Se associates to pM,xq a vector SepM,xq in the Hermitian line SepBM,wq, where w is
the equivalence class of wˇ in YflatBM . In analogy with the definition of the partition function on
closed manifolds in Section 6, we would like to define the vector associated to M as
µM
ÿ
wPEBM
ÿ
xPu`EM,wˇ
SepM,xq . (9.1)
Note that the sums are finite. We need to make a choice of differential cocycle wˇ to define the
second sum, but Proposition 5.3 ensures that the result is independent of this choice. Because
of the anomaly of the prequantum field theory, described in Proposition 5.2, the terms in the
sum are non-vanishing only if βpuBq P aBM ` KBM , where we wrote uB :“ u|BM .
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It remains however to associate the expression (9.1) canonically to a vector in the Hilbert
space RpBM,uB, q, for  a suitable extra structure on BM . This is not completely straight-
forward, because of the counterpart for manifolds with boundaries of the partition function
anomaly described in Section 6.2.
9.1 Action of the LL subgroup
As shown in Appendix B, M determines a pair of Lagrangian subgroups pLM , LM,2Λq of
pGBM ,GBM,2Λq. We can pick a lift j : GBM Ñ GBM,2Λ such that jpLM q Ă LM,2Λ. The second
admissibility condition is automatically satisfied by Proposition 7.12. Following the discussion
in Section 8.2, we can as well choose a set of quadratic refinements tqru that turn pLM , LM,2Λq
into an admissible pair with respect to  “ pj, tqruq. The choice of tqru is in fact irrelevant
for the discussion below. There is a corresponding LL subgroup L˜M Ă HBM . The HBM -module
V 1BM,uB defined in (8.65) is the direct sum of |KBM | copies of the regular representation of HBM ,
with the right action denoted by ρ. The state space RpBM,uB, q is canonically isomorphic to
V 1BM,uB{ρpL˜M q. Proposition 5.3 ensures that (9.1) is a vector in V 1BM,u.
Lemma 9.1. If (9.1) is invariant under ρpk˜q for all k P LM , it determines canonically a vector
in RpBM,uB, q.
Proof. This follows from the remarks above and from the canonical identification of the sub-
space of V 1BM,uB consisting of vectors invariant under the action of ρpL˜M q with the quotient
V 1BM,uB{ρpL˜M q.
Proposition 9.2. Assume that k P LM and that its extension to M lies in GM , i.e. can be
represented by a differential cocycle with vanishing characteristic. Let k˜ be the lift of k to L˜M .
Then the vector (9.1) is invariant under ρpk˜q.
Proof. We first show that for each k as above
Qpx, jpkqqSepM,xq “ SepM,x` kq . (9.2)
(We abuse slightly the notation and write x and k both for the differential cohomology classes on
M and for their restrictions to BM .) To see that (9.2) holds, we pick a differential form lift jˆpkq
of jpkq and construct the associated flat differential cocycle jˇpkq “ p0, jˆpkq, 0q. We construct
a closed 4`` 3-dimensional W-manifold N endowed with a non-flat differential cocycle xˇN by
gluing together the following three manifolds:
p´M, xˇq , pBM ˆ I, yˇxˇ,jˆpkqq , pM, xˇ` jˇpkqq , (9.3)
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where we used the notation of (7.3). SepN, xN q computes the scalar product of the right-hand
side of (9.2) with the left-hand side. As the vectors have unit norm and belong to the same
complex line, if we prove that SepN, xN q “ 1, we prove (9.2).
To prove that SepN, xN q “ 1, remark that N is the boundary of a manifold homeomorphic
to M ˆ I. We can use Proposition 4.6 to compute SepN, xN q on M ˆ I. The Wu class of
MˆI vanishes and xN extends toMˆI as a differential cocycle whose curvature is of the form
jˆpkq ^ dtˆ. Therefore the integrand of (4.16) vanishes identically, and SepN, xN q “ 1. (There is
a slight subtlety here due to the fact that the manifold bounded by N is homeomorphic but not
diffeomorphic to M ˆ I, the failure of smoothness occuring at the corners BM ˆBI. However, if
we pick tˆ to be constant in neighborhoods of BI, the curvature pulled back from M ˆ I through
this homeomorphism is smooth.)
(9.2) implies that
ρpk, 1qSepM,xq “ SepM,x` kq , (9.4)
showing that (9.1) is invariant under ρpL˜M q.
Remark that if the extension of k has a non-vanishing characteristic, the proof above fails
because we cannot endow M ˆ I with a suitable differential cocycle that restrict to xˇN on N .
9.2 Anomaly
The following proposition characterizes the failure of (9.2) for generic k P LM . Pick a cocycle
lift jˆpkq of jpkq and construct the associated flat differential cocycle jˇpkq “ p0, jˆpkq, 0q. Extend
it to M . We construct a 4`` 3-dimensional W-manifold N endowed with a non-flat differential
cocycle xˇN by gluing together the cylinder pBM ˆ I, yˇ0,jˆpkqq and pM, jˇpkqq, where we used again
the notation of (7.3). Remark that xˇN vanishes on BN »M ˆt0u, so the exponentiated action
SepM,xN q is a well-defined complex number of unit modulus.
Proposition 9.3. We have
Sep´M,x` kqQpx, jpkqqSepM,xq “ pSepN, xN qq´1 . (9.5)
Proof. Using the fact that N is diffeomorphic to M , the left-hand side can be rewritten
SepN, xq
SepN, x` xN q , (9.6)
where x denotes here the class on N obtained from x on M by pulling back its boundary value
to BM ˆ I Ă N . (9.6) can be computed by evaluating the exponentiated action on the closed
manifold obtained by gluing pN, xq and p´N, x` xN q along their boundary.
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Let xˇ “ paˆ, hˆ, 0q be a cocycle representative of x on N , and write also xˇN “ paˆN , hˆN , ωN q.
Revisiting the proof of Proposition 4.7 and taking into account that xˇN is not flat, we have
l¯pxˇ` xˇN q “
ˆ
lˆpxˇq ` lˆpxˇN q ` 1
2
aˆY hˆN ` 1
2
aˆN Y hˆ` 1
2
hˆY ωˆN , paˆ` aˆN q2
˙
(9.7)
l¯pxˇq‘ l¯pxˇN q “
ˆ
lˆpxˇq ` lˆpxˇN q ` 1
2
aˆY1 aˆN , paˆ` aˆN q2
˙
(9.8)
l¯pxˇ` xˇN qa l¯pxˇqa l¯pxˇN q “
ˆ
1
2
aˆY hˆN ` 1
2
hˆY aˆN ` 1
2
hˆY ωˆN ´ 1
2
dphˆY1 aˆN q, 0
˙
“
ˆ
aˆY hˆN ` 1
2
d
´
hˆY hˆN ´ hˆY1 aˆN
¯
, 0
˙
(9.9)
Making an arbitrary choice of E-homology class n¯ of N , 1{2pii times the log of (9.6) can be
computed as
xl¯pxˇq ´ l¯pxˇ` xˇN q, n¯y “ ´xl¯pxˇN q, n¯y ´ xaˆY hˆN , rN sy . (9.10)
The exact term in (9.9) does not contribute because xˇN “ 0 on BN . The first term on the right
hand side of (9.10) is ´SpN, xN q. It is independent of the choice of n¯ because xˇN vanishes on
BN . The second term vanishes modulo 1 on M Ă N because aˆ is Λ-valued and hˆN is Λ˚-valued
there. On BMˆI Ă N , it vanishes for dimensional reason, as the cup product can be expressed
as a function times a cocycle pulled back from BM . We find therefore that (9.6) is given by
SepN, xN q proving the proposition.
So if SepN, xN q ‰ 0 for some k P LM , (9.1) is not invariant under the action ρpL˜M q and the
only vector in RpBM,uB, q that can be canonically associated to (9.1) is the zero vector. We
can see this phenomenon as an analogue of the partition function anomaly described in Section
6.2. The analogy is obvious in case k “ 0. In this case, xN is an element of EM,BM and (9.5)
reduces to
SepM,xq
SepM,x` xN q “ pS
epM,xN qq´1 . (9.11)
The remarks under Proposition 4.9 imply that SepM ;xN q “ ˘1. If SepM ;xN q “ ´1, then the
terms in the sum (9.1) associated to x and x` xN cancel in pairs, so (9.1) vanishes.
9.3 Definition
In view of the discussion in the previous section, we define
RpM,uq :“ µMpiL˜M
ÿ
wPEBM
ÿ
xPu`EM,wˇ
SepM,xq , (9.12)
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where piL˜M is the projection onto the subspace of V
1BM,u consisting of vectors invariant under
ρpL˜M q. By Lemma 9.1, RpM,uq P RpBM,uB, q.
From the discussion in Section 8.10, the definition (9.12) is compatible with the monoidal
and dagger structures of B4``3,1W,flat, and H.
10 Gluing
We now want to prove that R is really a functor from the cobordism category of pW,Zflat, q-
manifolds to the category of Hilbert spaces. In view of Proposition 5.1 and the discussions of
Sections 8.10 and 9.3, it remains to show that the gluing condition (5.7) holds.
10.1 Setup
We take pM, uˇq to be a 4` ` 3-dimensional pW,Zflatq-manifold, possibly with boundary. We
write pMN , uˇ1q for the 4``3-dimensional pW,Zflatq-manifold obtained fromM by cutting along
a codimension 1 closed submanifold N Ă M of Arf invariant zero, see Figure 5.1. We will
write pi : MN Ñ M for the gluing map and u1 :“ pi˚puq. We endow N and BM with extra
structures N and BM necessary for the construction of the state space of the theory on these
manifolds, as described in Section 8.2. Note that the existence of N implies that N has Arf
invariant zero (see Section 7.3). They induce a structure BMN on BMN “ N \´N \BM . The
pair of Lagrangian subgroups pLMN , LMN ,2Λq Ă pGMN ,GMN ,2Λq naturally determined by MN is
not necessarily admissible with respect to the induced structure BMN . As will be discussed in
Section 10.4, this is another incarnation of the anomaly of Sections 6.2 and 9.2.
The gluing formula of Proposition 5.1 reads
RpM,uq ?“ TrRpN,u|N ,N qRpMN , u1q . (10.1)
To understand this equation, remark that RpMN , u1q P RpBMN , u1|BMN , BMN q »
RpN, u|N , N q b pRpN, u|N , N qq˚ b RpBM,u|BM , BM q. TrRpN,u|N ,N q is then the canonical
pairing
TrRpN,u|N ,N q : RpN, u|N , N q b pRpN, u|N , N qq˚ bRpBM,u|BM , BM q Ñ RpBM,u|BM , BM q
(10.2)
We also recall that RpN, u|N , N q “ µN ¨ IN,u|N ,N , with the product understood as a rescaling
of the inner product of IN,u|N ,N by µN .
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10.2 Trace homomorphism
We will need the following characterization of the trace homomorphism. In the model of HN
provided by a trivialization of the lines Lk, described around (7.48), we call diagonal the
elements of HN ˆUp1q H´N of the form pk, t, k, t¯q „ pk, 1, k, 1q, k P GN , t P Up1q. The subgroup
DN of diagonal elements is commutative and isomorphic to GN . From now on, we will see DN
as a subgroup of HBMN .
Recall from Section 8.9 that IBMN ,u1|BMN ,BMN does not carry a natural action of HBMN .
However, we do obtain an action ρ˜w after we choose a lift w : KBMN Ñ YflatBMN . We have
KBMN » KN ˆ K´N ˆ KBM and YflatBMN » YflatN ˆ Yflat´N ˆ YflatBM . We choose the lift w so that it
sends elements of the diagonal subgroup in KBMN to diagonal elements in YflatBMN .
Proposition 10.1. TrIN,u|N,N is the projection onto the subspace of IBMN ,u1|BMN ,BMN invariant
under the action ρ˜wpDN q, composed with the trace TrV 1
N,u|N
.
Note that the action ρ˜pDN q, and hence the associated expression for the trace, is independent of
the choice of lift w, as long as the latter sends the diagonal of KBMN into the diagonal subgroup
of YflatBMN .
Proof. Let us pick admissible Lagrangian subgroups L1 Ă GBM , L2 Ă GN » G´N with respect
to BM and N . Then L3 :“ L1 ˆ L2 ˆ L2 is an admissible Lagrangian subgroup of GBMN with
respect to BMN . Let L˜1, L˜2 and L˜3 be the associated admissible LL subgroups of HBM , HN , and
HBMN . Let us write IpL˜1q Ă V 1BM,u|BM , IpL˜2q Ă V 1N,u|N and IpL˜3q Ă V 1BMN ,u1|BMN for the subspaces
invariants under the actions of ρpL˜1q, ρpL˜2q and ρpL˜3q. These three subspaces are canonically
isomorphic to IBM,u|BM ,BM , IN,u|N ,N and IBMN ,u1|BMN ,BMN respectively. Moreover, we have
IpL˜3q » IpL˜1q b IpL˜2q b IpL˜2q . (10.3)
In under this isomorphism, TrIN,u|N,N is the canonical pairing between IpL˜2q and IpL˜2q.
Let us now focus on the summand IkpL˜2q :“ VN,u`wpkqX IpL˜2q Ă IpL˜2q associated to k P KN .
We pick a Lagrangian subgroup LK2 complementary to L2 in GN . Moreover, we choose a unit
vector c0 P SepN, u` wpkqq. We obtain a unit vector
v “ 1|L2|1{2
ÿ
lPL2
ρplqv0 P IkpL˜2q . (10.4)
The action ρpLK2 q generates an orthonormal basis teiu of IkpL˜2q from v. We obtain in this way
an orthonormal basis
tei b e¯jui,j“1,...,nN (10.5)
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of IkpL˜2q b IkpL˜2q. TrIN,u|N,N , restricted to IkpL˜2q, is the projection onto the 1-dimensional
subspace generated by
ř
i ei b e¯i.
Let us now understand the action ρ˜pDN q on the orthonormal basis (10.5). Using the iso-
morphism DN » GN » L2 ˆ LK2 , write DN “ D2 ˆDK2 . Suppose that ei “ ρpliqv, li P LK2 . Then,
for each l P L2,
ρ˜plqei “ Bpl, liqei (10.6)
As the pairing identifies LK2 with the dual of L2, we see that the invariant subspace of ρ˜pD2q
is generated by the vectors tei b e¯iui“1,...,nN . Moreover, by the definition of the ei, the action
ρ˜pDK2 q permutes them transitively. This implies that up to a phase, the only invariant unit
vector under ρ˜pDN q is
eTr :“ 1|L2|1{2
ÿ
i
ei b e¯i . (10.7)
This argument is valid for each of the direct summands IkpL˜2q, which proves the proposition.
10.3 Proof of the gluing formula in the anomaly-free case
Let LEMN be the Lagrangian subgroup of EBMN determined byMN , and let L
E
M be the Lagrangian
subgroup of EBM determined by M , see Lemma B.3. Let EextN be the subgroup of EN consisting
of cohomology classes that admit an extension to M vanishing on BM .
We describe now the structure of LEMN . L
E
MN
Ă EBMN “ EBM ˆ EN ˆ E´N contains a
subgroup P consisting of elements of the form pk, l, lq, k P EBM , l P EN » E´N . Via gluing, an
element of P can be pushed-forward to a cohomology class on M restricting to l on N . Hence
we actually have k P LEM . The inverse of the push-forward map is pi˚, so all k P LEM appear in
this way. Moreover, EextN can be embedded in P as elements of the form p0, l, lq, l P EextN . We
have therefore
P{EextN » LEM . (10.8)
We now assume that the pair of Lagrangian subgroups pLMN , LMN ,2Λq of pGMN ,GMN ,2Λq is
admissible with respect to BMN . Equivalently, we require that there is a canonical isomorphism
between the realizations IpL˜3q and IpL˜MN q of the state space. This ensures that we can apply
Proposition 10.1 in order to compute the trace of RpMN , u1q.
Proposition 10.2. If pLMN , LMN ,2Λq is an admissible pair with respect to BMN , (10.1) holds.
Proof. Following Proposition 10.1, we express TrRpN,u|N q “ µNTrIN,u|N,N as the projection on
the subspace invariant under the action ρ˜pDN q, composed with the trace TrV 1
N,u|N
. We also use
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the definition of RpMN , u1q to obtain
TrRpN,u|N qRpMN , u1q “
µNµMN
|DN | TrV 1N,u|N
ÿ
aPDN
ρ˜paq
ÿ
v1PEBMN
ÿ
x1Pu1`EMN,vˇ1
SepMN , x1q , (10.9)
where vˇ1 a differential cocycle representing the class v1. The sum over EBMN reduces to a sum
over LEMN , so the right-hand side becomes
µNµMN
|DN | TrV 1N,u|N
ÿ
aPDN
ÿ
k1PLEMN
ÿ
x1Pu1`EMN,kˇ1
ρ˜paqSepMN , x1q , (10.10)
where kˇ1 is a differential cocycle representing the class k1. We now use the fact that the sum
over the elements of LEMN outside P produce a vector orthogonal to the invariant subspace of
the action ρ˜pDN q. Moreover, the action of ρ˜pDN q on the sum over P followed by the trace
coincides with the trace. The sum over DN yields a factor |DN | cancelling the denominator of
the prefactor, yielding
µNµMNTrV 1N,u|N
ÿ
k1PP
ÿ
x1Pu1`EMN,kˇ1
SepMN , x1q . (10.11)
We use the isomorphism P » LEM ˆ EextN . This isomorphism is not canonical, so we need to
choose a lift from LEM into P. We denote the lift of k P LEM by k1. Let jˇ be a cocycle lift of
j P EextN and by a slight abuse of notation, let us also write jˇ for the corresponding cocycle
valued in the diagonal part of EN ˆ E´N Ă EBMN . We obtain
µNµMNTrV 1N,u|N
ÿ
kPLEM
ÿ
jPEextN
ÿ
x1Pu1`EMN,kˇ1`jˇ
SepMN , x1q . (10.12)
We perform the trace, using in particular the fact that the prequantum theory Se satisfies the
gluing relation. In the process, we replace the sum over EextN ˆEMN ,vˇ by a sum over EM,vˇ1 . This
produces a factor |kerpιN,M q|, where ιN,M is is the homomorphism ιN,M : EM,N\BM Ñ EM,BM
induced by the inclusion FM,N\BM Ă FM,BM . This step is justified in Lemma 10.3 below.
µNµMN |kerpιN,M q|
ÿ
kPLEM
ÿ
xPu`EM,kˇ
SepM,xq . (10.13)
We convert the sum over LEM into a sum over EBM and use Proposition 3.6 to rewrite the
prefactor. Finally, we use the definition of RpM,uq to obtain
µM
ÿ
vPEBM
ÿ
xPu`EM,vˇ
SepM,xq “ RpM,uq (10.14)
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Lemma 10.3. In the notation of Proposition 10.2, we have
TrV 1
N,u|N
ÿ
kPLEM
ÿ
jPEextN
ÿ
x1Pu1`EMN,kˇ1`jˇ
SepMN , x1q “ |kerpιN,M q|
ÿ
kPLEM
ÿ
xPu`EM,kˇ
SepM,xq (10.15)
Proof. To prove this Lemma, we will simply compare the terms in the sums on both sides and
see that they coincide up to a multiplicity |kerpιN,M q|.
Let us write E1MN :“
Ť
wˇ1|wˇ1|N“wˇ1|´N EMN ,wˇ1 , the subgroup of EMN consisting of elements
whose restriction to N,´N Ă BMN coincide. We see that the third sum on the left-hand side
involves only elements in E1MN , because k
1 P P and j P EextN .
Gluing induces a homomorphism pi˚ from FMN ,wˇ1 to FM,wˇ, where wˇ “ wˇ1|BM , wˇ1|N “ wˇ1|´N .
If xˇ P FMN ,0ˇ is exact, then pi˚pxˇq is exact as well, so we obtain a homomorphism piE˚ from E1MN
to EM :“ ŤwˇPFBM EM,wˇ. The gluing relation for the prequantum theory ensures that
TrV 1
N,u|N
SepMN , xq “ SepM,piE˚pxqq , (10.16)
so we can use piE˚ to compare the terms on both sides.
piE˚ is surjective, because for all x, piE˚ppi˚pxqq “ x. We now compute its kernel. Consider the
homomorphism ιN,M : EM,N\BM Ñ EM,BM induced by the inclusion FM,N\BM Ă FM,BM . We
have EM,N\BM » EMN ,BMN » EMN ,0ˆ and
ιN,M “ piE˚ |EMN,0ˆ . (10.17)
As any element of the kernel of piE˚ has to vanish on BMN ,
|kerppiE˚q| “ |kerpιN,M q| . (10.18)
We conclude that the two sides coincide term by term up to a multiplicity factor |kerpιN,M q|.
10.4 Proof of the gluing formula in the anomalous case
We now consider the case where the pair of Lagrangian subgroups pLMN , LMN ,2Λq determined
by MN is not admissible with respect to BMN “ pj, tqruq.
Let us first consider the third admissibility condition of Section 8.3. We will use the notations
of the proof of Proposition 10.1. By definition, the quadratic refinement qr,BMN determined by
BMN vanishes on L3,r{2GMN ,r Ă GMN ,r{2GMN ,r. In order for LMN to satisfy the third admissibil-
ity condition, we need that qr,BMN vanishes on LMN ,r{2GMN ,r as well. But we can always choose
qr,BMN so that this is the case. Indeed, given Z2n2 endowed with a (skew-)symmetric perfect pair-
ing and any two Lagrangian subgroups, there is always a quadratic refinement of Arf invariant
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zero vanishing on the two Lagrangian subgroups. Decomposing qr,BMN “ qr,N ` qr,´N ` qr,BM ,
the fact that qr,BMN vanishes on L3,r{2GMN ,r implies that qr,N “ qr,´N , so qr,BMN has the form
assumed in Section 10.1. Therefore, we can always choose tqru so that the third admissibility
condition is satisfied.
The second admissibility condition requires Qpx, bq “ 1 for b P LMN ,2Λ X
H2``1pBMN ; Λq{H2``1pBMN ; 2Λq. This is automatic by Proposition 7.12.
Let us now turn to the first admissibility condition. Recall that in Section 10.1, we made the
assumption the lift determined by MN is the sum of lifts on GN , G´N and GBM . Moreover, we
assumed that the lifts on GN and G´N coincide under the canonical isomorphism GN » G´N
and GN,2Λ » G´N,2Λ. The proof of the gluing in Section 10.3 does not apply if the pair of
Lagrangians pLMN , LMN ,2Λq Ă pGBMN ,GBMN ,2Λq is incompatible with any lift equivalent to one
of the form above. More precisely, we do not have a canonical way to define the trace TrIN,u|N,N .
We will show that in this case, the value of the field theory on the glued manifold suffers from
the anomaly described in Section 9.2 and vanishes identically.
Let us therefore pick a lift j compatible with pLMN , LMN ,2Λq. Let us also write GdiagN and
GdiagN,2Λ for the diagonal subgroups of GN ˆG´N and GN,2ΛˆG´N,2Λ. From now on, we identify
canonically GN and G´N , as well as GN,2Λ and G´N,2Λ. The fact that j is not equivalent to a
lift of the type assumed in Section 10.1 means that there are elements k in LMN XGdiagN ˆGBM
such that jpkq R GdiagN,2Λ ˆ GBM,2Λ. Writing jpkq “ jN pkq ` j´N pkq ` jBM pkq, we have moreover
Qpy, jN pkqq ‰ Qpy, j´N pkqq for some y P GN .
Let us write bN pkq :“ jN pkq´j´N pkq ‰ 0. Let χN P H1pM,M´N ;Zq be the Poincaré dual
of the homology class of N in M . As jpkq extends to MN , we have the following differential
cocycle on M
wˇk :“ pbˆN pkq Y χˆN ,´pi˚pjˆpkqq ^ ρˆ, pi˚pjˆpkqq ^ dρˆq , (10.19)
where we picked differential form representatives jˆpkq, bˆN pkq and χˆN of jpkq, bN pkq and χN .
χˆN is supported on a tubular neighborhood of N . ρˆ is a function vanishing on BM and equal
to 1 outside a tubular neighborhood of BM . Remark that pi˚pjpkqq is discontinuous at N , with
dpi˚pjpkqq “ bˆN pkq Y χˆN , which ensures that dwˆk “ 0. To lighten the notation, we will write
jˆpkq for pi˚pjˆpkqq. According to the analysis of Section 9.2, the theory is anomalous on M if for
some k, we have
SepM,wkq ‰ 1 . (10.20)
Proposition 10.4. With the notations introduced above, we have
Qpx, jN pkqq
Qpx, j´N pkqq “ S
epM,wkq . (10.21)
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Assuming no anomaly on MN , this proposition says that the field theory on the glued manifold
vanishes because of the anomaly of Section 9.2 precisely when the trace homomorphism is ill-
defined. The gluing formula (10.1) can therefore be satisfied in every case by defining the trace
homomorphism to be zero whenever it is not well-defined by the procedure of Section 10.2.
Proof. We start by computing the left hand side. (7.37) and the fact that Qpx, bN pkqq is
independent of x imply that
Qpx, jN pkqq
Qpx, j´N pkqq “ Qpx, bN pkqqψpjN pkq, j´N pkqq . (10.22)
Qpx, bN pkqq can be computed by evaluating the action on N ˆ I endowed with the differential
cocycle yˇxˇ,bˆN pkq, in the notation of (7.3). Using the arguments and notations of the proof of
Proposition 7.5, this differential cocycle is equivalent to the differential cocycle
yˇ1 :“ paˆ´ bˆN pkq Y dθˆ, hˆ´ bˆN pkq Y θˆ ` bˆN pkq ^ tˆ,´bˆN pkq ^ dtˆq , (10.23)
which passes to a differential cocycle on N ˆ S1. So Qpx, bN pkqq can also be computed by
evaluating the action on NˆS1 endowed with the differential cocycle yˇ1. After some calculations
similar to the ones of Section 7, we obtain :
1
2pii
lnQpx, bN pkqq “
@
l¯pyˇ1q, rN ˆ S1sE
D
, (10.24)
l¯pyˇ1q “
´
lˆpyˇ1q, paˆ´ bˆN pkq Y dθˆq2
¯
, (10.25)
lˆpyˇ1q “ 1
2
aˆY phˆ´ ηˆΛq ´ 1
2
bˆN pkq Y dθˆ Y hˆ´ 1
2
hˆY bˆN pkq Y dθˆ (10.26)
` 1
2
bˆN pkq Y dθˆ Y ηˆΛ ` exact . (10.27)
We can therefore write
l¯pyˇ1q “
ˆ
1
2
aˆY phˆ´ ηˆΛq, paˆq2
˙
‘ l¯Qpyˇ1q , (10.28)
l¯Qpyˇ1q :“
ˆ
1
2
bˆN pkq Y dθˆ Y ηˆΛ, pbˆN pkq ^ dtˆq2
˙
, (10.29)
so Proposition 4.11 guarantees that
1
2pii
lnQpx, bN pkqq “
@
l¯Qpyˇ1q, rN ˆ S1sE
D
, (10.30)
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ψpjN pkq, j´N pkqq can be computed on N ˆ S1 as well:
1
2pii
lnψpjN pkq, j´N pkqq “ xl¯ψ, rN ˆ S1sEy , (10.31)
l¯ψ “
ˆ
´1
2
pjˆN pkq Y dθˆq Y jˆ´N pkq, 0
˙
. (10.32)
We deduce that
1
2pii
ln pQpx, bN pkqqψpjN pkq, j´N pkqqq “ xl¯Qψ, rN ˆ S1sEy , (10.33)
l¯Qψ :“ plˆQψ, pbˆN pkq ^ dtˆq2q , (10.34)
lˆQψ :“ 1
2
bˆN pkq Y dθˆ Y ηˆΛ ´ 1
2
pjˆN pkq Y dθˆq Y jˆ´N pkq . (10.35)
We now turn to the right hand side of (10.21). We have
SpM,wkq “
@
l¯pwˇkq, rM sE
D
, (10.36)
l¯pwˇkq “
´
lˆpwˇkq, pbˆN pkq Y χˆN q2
¯
, (10.37)
lˆpwˇkq “ 1
2
pbˆN pkq Y χˆN q Y p´jˆpkq ^ ρˆ´ ηˆΛq ´ 1
2
jˆpkq ^ ρˆ^ jˆpkq ^ dρˆ
“ ´ 1
2
pbˆN pkq Y χˆN q Y ηˆΛ ´ 1
2
pjˆN pkq Y χˆN q Y jˆ´N pkq ` exact . (10.38)
The last term on the first line vanishes by the alternating property of the wedge product. As
ρˆ is equal to 1 on the support of χˆN we can drop it in the first product. The remaining two
terms yield the final result, after using the definition of bˆN .
Up to signs irrelevant modulo 1, we see that (10.33), (10.34) and (10.35) have the same form
as (10.36), (10.37) and (10.38). To prove that (10.33) and (10.36) are equal, we remark that
l¯Qψ is supported on N Ă N ˆ S1 and l¯pwˇkq is supported on N ĂM . By excision, (10.33) and
(10.36) can be evaluated on N ˆ S1, on which χˆN can be taken to be equal to dθˆ.
10.5 Main theorem
Combining the results of Sections 8, 9 and 10, we see that R satisfies the hypotheses of Propo-
sition 5.1, which proves
Theorem 10.5. R is a field theory functor from the bordism category of pW,Zflat, q manifolds
to the category of finite dimensional Hilbert spaces.
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11 Hamiltonian anomaly
The construction of the state space on a 4`` 2-dimensional pW,Zflatq-manifold M in Section 8
required a choice of extra structure M when Γ0 has even order. This is why the domain of the
field theory functor R is in this case the bordism category of pW,Zflat, q-manifolds.
If we insist on seeing this field theory as defined on pW,Zflatq-manifolds, then it has to be an
anomalous field theory. Technically, R is not a functor anymore, but a natural transformation
from the functor associated to the trivial 4` ` 4-dimensional field theory to the functor asso-
ciated to a certain 4` ` 4-dimensional field theory A characterizing the anomaly, the anomaly
field theory [6, 7]. The partition function of the anomalous field theory on a 4`` 3-dimensional
manifold W is no longer a complex number, but a vector in the Hilbert space ApW q. Anal-
ogously, the state space of the anomalous field theory on a 4` ` 2-dimensional manifold M is
not a Hilbert space, but an object in the category (more precisely the 2-Hilbert space) ApMq.
We refer the reader to [7] for definitions of the higher categorical concepts appearing in this
section, as well as for details about the functorial picture of anomalous field theories.
Our aim in this section is to show how the field theory R unambiguously assigns an object
RpM,uq in a 2-Hilbert space to each 4` ` 2-dimensional pW,Yflat{Eq-manifold M . Unlike the
rest of the paper, we keep this discussion informal and do not prove our claims. We start by
reinterpreting the constructions of Sections 7 and 8 in a categorical setting.
Recall that the Heisenberg group HM , before any choice of trivialization, consists of a set
of Hermitian lines tLku, k P GM , together with isomorphisms
µk1,k2 : Lk1 b Lk2 » Lk1`k2 (11.1)
describing the group composition law. We can see it as a very simple instance of a 2-group,
see Appendix G for a definition. Indeed, consider the category HM whose objects are the
Hermitian lines generated by the tLkukPGM via the tensor product. We take the morphisms to
be isomorphisms of Hermitian lines. The isomorphisms tµk1,k2 ˝p‚b‚quk1,k2PG provide a functor
HM ˆHM to HM , the higher equivalent of the group composition law. The identity object is
L0 » C, the inverse of Lk is L´k and the other axioms of a 2-group given in Appendix G are
easily checked. We can therefore see the Heisenberg group as a categorified version of GM .
Representations of 2-groups are defined in Appendix G. The object underlying a representa-
tion is a category, in fact a 2-vector space, endowed with a suitable action of the 2-group. The
representations form a 2-category [34]. A class of representations of the Heisenberg 2-group HM
can be constructed as follows. Let A be a finite set endowed with an action of GM , together with
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vector spaces tVauaPA. Let HpVaq be the category of Hilbert spaces whose objects are Hilbert
spaces of the form W b Va, W P H1 and whose morphisms between W1 b Va and W2 b Va are
the homomorphisms from W1 to W2. HpVaq is linearly equivalent to the category H of Hilbert
spaces. Let A be the Cartesian product of the categories HpVaq for a P A. A is a category
linearly equivalent to pHqˆ|A|, i.e a 2-vector space of dimension |A|. A representation of HM
on A consists of isomorphisms
αa,k : Va b Lk » Va`k (11.2)
satisfying the obvious relations
αa,k1`k2 ˝ p1b µk1,k2q “ αa`k1,k2 ˝ pαa,k1 b 1q (11.3)
As an example, consider the category V 1M,u constructed on the model above with A be-
ing the coset u ` EM{TM , endowed with the natural action of GM , and tVau given by
tSepM,xquxPu`EM {TM . The set of isomorphisms tαa,ku turning V 1M,u into a 2-representation
is provided by tP px, k, ‚quxPu`EM {TM ,kPGM (see Section 7.4). The relations (11.3) hold because
this is precisely how the product of the Heisenberg group has been defined. In constructing
V 1M,u in (8.65), we took the direct sum of the Hermitian lines tSepM,xquxPu`EM {TM . We see
now that this collection of Hermitian lines can be seen more naturally as an object in V 1M,u. In
fact, in a suitable sense, this object generates the whole category V 1M,u over pHqˆ|A|.
The object that the field theory R naturally associates to a 4` ` 2-dimensional pW,Zflatq-
manifold M is an object in a representation obtained from V 1M,u by a higher categorical version
of the invariant section construction, as we explain now. Let us start by picking a Lagrangian
subgroup L Ă GM admissible with respect to some extra structure  “ pj, tqruq in the sense of
Section 8.2. Let us also pick x0 P u ` EM{TM and a Lagrangian subgroup LK complementary
to L. The lift j determines an LL subgroup L˜, which provides trivializations of the lines Lk,
k P L, in which µk1,k2 “ 1 P C for k1, k2 P L. Given x P u ` EM{TM , this allows us to
canonically identify the lines SepM,x ` kq for all k P L, yielding Hermitian lines Rpx ` L, L˜q,
where we emphasize that these lines depend on the LL subgroup L˜ lifting L. The orbits x` L
can be identified with the elements of x0 ` LK. Let IpL˜, x0, LKq be the object of V 1M,u having
Wx “ Rpx` L, L˜q for each x P x0 ` LK and Wx “ 0 otherwise.
IpL˜, x0, LKq depends on L and j through L˜, as well as on the base point x0 and the comple-
mentary Lagrangian LK. To obtain a canonical object in a canonical 2-representation, we use a
higher categorical version of the invariant section construction.
To this end, consider the category C whose objects are quadruplets pL, , x0, LKq defined
as above. The morphisms in C are generated via composition by the following three types of
80
morphisms:
1. Shift of the base point: µC1,x2 : C1 Ñ C2, with C1 “ pL, , x1, LKq, C2 “ pL, , x2, LKq.
2. Change of the complementary Lagrangian subgroup: µC1,LK2 : C1 Ñ C2, with C1 “
pL, , x0, LK1 q and C2 “ pL, , x0, LK2 q.
3. Change of the Lagrangian subgroup and the extra structure: µC1,L2,2 : C1 Ñ C2, with
C1 “ pL1, 1, x0, LKq and C2 “ pL2, 2, x0, LKq. We implicitly assumed that LK is transver-
sal to both L1 and L2.
C is a transitive groupoid. We will consider a functor F from C into the 2-category of rep-
resentations of HM . Such a functor should assign a representation to each object of C and a
1-morphism of representations to each morphism of C, subject to the usual axioms for functors.
F will assign to each object of C the representation V 1M,u, hence it should assign 1-morphisms
from V 1M,u to itself to each morphism of C. For a 2-vector space that is canonically equivalent
to Hn1 for some n, like V 1M,u, 1-morphisms can be simply described as nˆ n matrices of vector
spaces. The objects of the 2-vector space are pictured as vectors of vector spaces, and the
1-morphisms act on them as regular matrices, with the addition replaced by the direct sum and
the multiplication by the tensor product [34].
We now describe the action of F on three types of morphisms of C, which determine F
completely via the compatibility condition with the compositions.
1. Let C1 “ pL, , x1, LKq and C2 “ pL, , x2, LKq. Writing k “ x2 ´ x1 P GM , we set
FpµC1,x2q :“
ÿ
xPu`EM {TM
ex`k,x b C . (11.4)
ex`k,x is the |GM | ˆ |GM | matrix with zero matrix elements except for a 1 in position
px ` k, xq. By ex`k,x b C, we mean the matrix of vector spaces whose matrix elements
are the zero vector space everywhere, except in position px` k, xq, where it is C.
FpµC1,x2q applied to the object IpL˜, x1, LKq yields IpL˜, x2, LKq.
2. Let C1 “ pL, , x0, LK1 q and C2 “ pL, , x0, LK2 q. The automorphism group of GM contains
a transvection parallel to L leaving L fixed and mapping LK1 to LK2 . This automorphism
can be pictured as a |GM | ˆ |GM | permutation matrix v. We define
FpµC1,LK2 q :“ v b C . (11.5)
FpµC1,LK2 q applied to IpL˜, x0, LK1 q yields IpL˜, x0, LK2 q.
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3. Let C1 “ pL1, 1, x0, LKq and C2 “ pL2, 2, x0, LKq. We define
FpµC1,L2,2q :“
ÿ
x´x0PLK
ex,x bRpx` L2, L˜2q b pRpx` L1, L˜1qq´1 . (11.6)
Again, FpµC1,L2,2q applied to IpL˜1, x0, LKq yields IpL˜2, x0, LKq.
We now describe the invariant sections of F . Let |C| denote the (finite) number of objects
of C. Consider the category pV 1M qˆ|C|, the Cartesian product of |C| copies of V 1M . An object
O P pV 1M qˆ|C| is a size |C| vector of objects of V 1M , and we write OC for the component labeled
by C P C. We say that O is an invariant section of F if
FpµqOC “ OµC (11.7)
for each morphism µ of C. The category of invariant sections of F is the full subcategory IM,u
of pV 1M qˆ|C| whose objects are the invariant sections of F . By the remarks above, we know that
IM,u is not empty: it contains at least the object IM,u defined by pIM,uqC :“ IpL˜, x0, LKq for
C “ pL, , x0, LKq.
pIM,uqC is the state space that the theory R naturally assigns to a 4` ` 2-dimensional
pW,Zflatq-manifold M . Note that it can be seen as a vector space only after an object C has
been chosen. Given C “ pL, , x0, LKq, we can take the direct sum of the vector components of
IpL˜, x0, LKq and obtain the vector space V 1M,u{ρpL˜q, which is canonically isomorphic toRpM,u, q
(see Section 8.9). After the direct sum is taken, the dependence on x0 and LK is easily seen to
disappear.
The category IM,u should be the 2-Hilbert space associated by the 4` ` 4-dimensional
anomaly field theory A to the 4`` 2-dimensional manifold M . However we will not discuss the
anomaly field theory further here.
12 Examples
We illustrate the general construction above in various particular cases, in which simplifications
occur.
12.1 Self-dual lattice
The simplest case arises when the lattice Λ is self-dual: Λ “ Λ˚. Then Γ is the trivial group,
and EM,P “ 1. There is no discrete gauging, hence no anomaly either. The theory obtained
is simply the prequantum field theory of Section 5.2. Note that the constraint described by
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Proposition 5.2 is still relevant to this case. As KM “ 1, the non-triviality of the state space of
the prequantum theory fixes the background flux aM uniquely.
12.2 Even lattice
We examine now the case where Λ is even. A stronger condition that we will examine in parallel
is Λ being "totally even", i.e. a lattice whose pairing is 2Z-valued. The latter case includes the
case of ordinary Up1q level k Chern-Simons theory, with Λ “ ?2kZ.
Induced pairing on cochains and cohomology The pairing induced on Λ¯-valued coho-
mology is even. However, the pairing induced on Λ¯-valued cochains is not necessarily even.
This is because while the cup product pairing on cohomology is graded symmetric, it is not
symmetric at the level of cochains. If the pairing on Λ is totally even, then we obtain a totally
even pairing on both the cochain and cohomology groups.
Wu structure If Λ is even, Γp2q “ Γ2 in the notation of (C.8), so dηˆ “ νˆ “ 0 and there is
a preferred Wu structure η “ 0, which we choose. If Λ is totally even, then Γp2q “ 0 and the
preferred Wu structure is the only one.
E-theory The twisted E-theory coincides with the ordinary E-theory. Moreover, the long
exact sequence (D.2) splits into short exact sequences
0 Ñ HppM ;R{Zq iÑ ErΓp2q, qsppMq jÑ Hp´qpM ; Γ¯p2qq Ñ 0 (12.1)
because the evenness of the pairing ensures that the Steenrod square Sqq`1 vanishes modulo 1.
The degree p E-theory classes on M are pairs ps, yq P HppM ;R{Zq ¸Hp´qpM ; Γ¯p2qq, where the
semi-direct structure is induced by the non-commutative sum (D.3) on E-cochains.
If Λ is totally even, as Γp2q “ 0, the E-theory coincides with R{Z-valued cohomology.
The integration homomorphism of Proposition D.6 coincides with the pairing of R{Z-valued
cohomology with the fundamental Z-homology class of the underlying manifold.
Action The Lagrangian simplifies to
lˆpxˇq “ rxˇY xˇsh “
1
2
aˆY hˆ` 1
2
hˆY ωˆ ` 1
2
HY^pωˆ, ωˆq mod 1 . (12.2)
The equality above holds exactly in the totally even case and up to exact terms in the even
case. For aˆ “ 0, this Lagrangian reduces to the familiar Lagrangian of abelian Chern-Simons
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theory, of the form hˆ^2 dhˆ up to exact terms. ^2 is here the wedge product constructed from
to half the pairing on Λ.
The action obtained from the integration of this Lagrangian in ordinary cohomology is not
necessarily gauge invariant unless Λ is totally even, see Remark 4.1. This is directly linked to
the fact that the E-theory integration map coincides with the ordinary one only in the totally
even case.
On boundaries, the formulas (4.16) and (4.17) have λˆ and λ equal zero if the bounded
manifold W admits a Wu structure (hence in particular if Λ is totally even). They coincide
then with the well-known formulas for the abelian Chern-Simons action on boundaries. In the
even case, the subtleties involving E-theory may therefore only appear on spacetimes that do
not bound a Wu manifold.
Recall that we required the Wu structure on 4`` 3-dimensional manifolds to be admissible,
in the sense that the quadratic refinement of the linking pairing defined by the action is tame.
We showed in Proposition 4.10 that admissible Wu structures always exist. However, we made a
very specific choice of Wu structure in the present case, namely the one corresponding to η “ 0.
Using (4.16), it is easy to show that it is always admissible on boundaries of Wu manifolds, but
on generic manifolds with 2-torsion, nothing ensures that this Wu structure is admissible. The
classical Chern-Simons theory associated to an even lattice may therefore require a non-trivial
Wu structure on certain spacetimes. Note that this problem does not appear if Λ is totally
even, as in this case the group Γp2q is trivial. It does not appear either in dimension 3 (` “ 0),
as in this case every 3-manifold is a spin boundary.
The same remarks apply to 4`` 2-dimensional manifolds. The zero Wu structure may not
be admissible, see Proposition 4.12. This complication is absent in the totally even case and in
the three-dimensional case.
There is no simplification worth pointing out in the construction of the prequantum theory
and the partition function when Λ is an even or totally even lattice. From now on, we focus
exclusively on the totally even case.
Wilson operators In the totally even case, the proof of proposition (7.5) shows that
Qpx, bq “ 1, b P H2``1free pM ; Λ¯q, hence the quadratic refinement qM is trivial. The Arf invariant
aM is automatically zero. This also implies that the skew-symmetric refinement ψ restricted to
H2``1free pM ; Λ¯q is trivially equal to 1.
The Hermitian lines Lk are all canonically trivial. This is linked with the fact that the
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pairing B on GM (7.47) has a canonical square root given by
φ0pk1, k2q :“ exp´piixjpk1q ^ jpk2q, rM sy . (12.3)
This pairing is independent of j thanks to the total evenness. Unlike φ, which is in general only
a 2-cocycle, φ0 is bimultiplicative. One can also check that (7.37) ensures that the operators
Qpx, jpkqq are independent of the lift j as well.
State space We just saw that the first component of the extra structure required to construct
the state space, the lift j, is irrelevant in the totally even case. The second component, a
quadratic refinement of the pairing pBrqr{2 for each even r appearing in the decomposition
(8.2), can be chosen canonically. Indeed, we have pBrqr{2 “ ppφ0qrqr “ 1 is the trivial pairing,
so we can take qr “ 1. Therefore, effectively no extra structure is needed in the totally even
case.
Any pair of Lagrangian subgroups pL2Λ, Lq such that L2Λ reduces modulo H2``1free pM ; Λ¯q to
L is admissible in the sense of Section 8.3. Indeed, there is always a lift j satisfying first
admissibility condition, and by the discussion above, the choice of such a j has no influence
on the rest of the construction. As the quadratic refinements qM and qr vanish, the second
and third admissibility conditions are automatically satisfied. Moreover, given any number of
Lagrangian subgroups Li of GM . We can always complete them to admissible pairs. For that,
pick a lift j and choose Lagrangian subgroups of GM,2Λ lifting the Li with respect to j. This
means that there are no constraints on the triplets of Lagrangian subgroups relevant to the
discussion of the Maslov index.
Summary In the even case, we have a preferred Wu structure as well as minor simplifications
in the form of the Lagrangian. The preferred Wu structure may however not be admissible, in
which case gauging requires a non-trivial Wu structure and the original action.
In the totally even case, there is a unique Wu structure, which is admissible. The action
coincides with the one of ordinary abelian Chern-Simons theory. All the anomalies are absent.
No extra structure is required to construct the state space.
12.3 Odd order
We focus here on the case where Γ “ Λ˚{Λ has odd order.
In the odd case, there is no preferred Wu structure. No special simplification occurs in the
construction of the action. However, the quadratic refinement of the linking pairing defined
85
by the action is automatically tame. This happens because its restriction to KM,BM is a Z2-
character and |EM,BM | “ |H2``1pM, BM ; Γ¯q| odd implies |KM,BM | odd. We conclude that every
Wu structure on a 4`` 3-dimensional manifold is admissible. Similarly, every Wu structure on
a 4`` 2-dimensional manifold is admissible.
The discussion above shows that there is no partition function anomaly. As was already
discussed in Section 8, there is no extra structure needed to be chosen for the construction of
the state space in the odd case. Therefore there is no Hamiltonian anomaly either.
12.4 Rank 1 case
A general rank 1 integral lattice is of the form Λ “ ?nZ. We see that either Λ is totally even
if n is even or Γ “ Zn has odd order if n is odd. We deduce from the discussion above that no
anomaly is present in the rank 1 case.
For n odd, the Wu structures on a closed manifold M form a torsor for H2``1pM ;Z2q and
are spin structures in the case ` “ 0. There is a unique trivial Wu structure when n is even.
This is consistent with the fact that the theory with n “ 2k is nothing but the level k Up1q
(ordinary) Chern-Simons theory.
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A Pairings on finite abelian groups and quadratic refinements
Multiplicative notation In the main text, we sometimes find it more practical to use a
multiplicative notation for abelian groups and see the pairings and quadratic refinements as
valued in Up1q rather than R{Z. We call the pairings bilinear or bimultiplicative to emphasize
which notation we are using. We can freely switch between the two pictures using the expo-
nential/logarithmic maps relating R{Z to Up1q. The definitions below are given in the additive
notation and have obvious analogues in the multiplicative case that we do not repeat.
86
Pairings Let Ξi, i “ 1, 2, 3 be three abelian groups, with the group operations written addi-
tively. A pairing between Ξ1 and Ξ2 with value in Ξ3 is a group homomorphism
p‚, ‚q : Ξ1 ˆ Ξ2 Ñ Ξ3 . (A.1)
The left radical of p‚, ‚q is the subgroup of Ξ1 composed of elements x satisfying px, yq “ 0
for all y P Ξ2. The right radical is defined analogously. We call the pairing non-degenerate
if both radicals are trivial. The pairing is called perfect if the homomorphism from Ξ1 to
HompΞ2,Ξ3q sending x P Ξ1 to px, ‚q is an isomorphism. A perfect pairing has vanishing left
and right radicals. For example, let Ξ be a finite group and Ξ˚ be its Pontryagin dual, i.e. the
group of R{Z-valued characters on Ξ. Then the evaluation yields a perfect pairing between Ξ
and Ξ˚ with value in R{Z. Any R{Z-valued perfect pairing on Ξ (i.e. between Ξ and itself)
provides an isomorphism with Ξ˚.
A pairing on Ξ is symmetric if px, yq “ py, xq, alternating if px, xq “ 0 and skew-symmetric
if px, yq “ ´py, xq, for all x, y P Ξ. Alternating pairings are skew-symmetric, but not vice versa.
For a pairing with one of the symmetry properties above, the left and right radicals coincide
and we speak about the radical of the pairing.
Lemma A.1. A (skew-)symmetric R{Z-valued pairing on a finite abelian group Ξ with radical
ΞK induces a perfect pairing on Ξ{ΞK.
Proof. The pairing provides a homomorphism p : Ξ Ñ HompΞ,R{Zq, xÑ px, ‚q. The elements
of HompΞ,R{Zq obtained in this way are clearly constant along the orbits of ΞK, hence are
pullbacks of elements of HompΞ{ΞK,R{Zq. We obtain therefore a homomorphism p1 : Ξ Ñ
HompΞ{ΞK,R{Zq.
The kernel of this homomorphism is ΞK. Quotienting by ΞK we obtain an injective homo-
morphism Ξ{ΞK Ñ HompΞ{ΞK,R{Zq. As Ξ{ΞK and its Pontryagin dual have the same order,
this is an isomorphism. Hence the induced pairing is perfect.
Let Ξ be an abelian group endowed with a symmetric pairing valued in a group admitting
Z2 as a quotient. A characteristic element is an element λ of Ξ such that
px, xq “ pλ, xq mod 2 , @x P Ξ . (A.2)
Quadratic refinements A thorough reference on quadratic refinements is [32], in which the
proofs of the various assertions below can be found. Let Ξ be a finite abelian group. We will
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see it as a Z-module and hence freely write expressions of the form
nx “ x` ...` xloooomoooon
n times
, n P Z , x P Ξ . (A.3)
Definition A.2. A refinement (enhancement in [32]) is a function q : Ξ Ñ Q{Z such that the
first condition below holds. If the second condition holds as well, the refinement is said to be
quadratic:
1. For x, y P Ξ, Bpx, yq :“ qpx` yq ´ qpxq ´ qpyq is an R{Z-valued pairing on Ξ.
2. qpnxq “ n2qpxq for all n P N.
A quadratic refinement q "refines" the pairing B in the sense that the axioms above imply
that 2qpxq “ Bpx, xq, which is equivalent to the second condition in the presence of the first
one. By definition, the pairing B is symmetric. Let ΞK :“ tx P Ξ |Bpx, yq “ 0 @y P Ξu be its
radical. Then q|ΞK is linear, i.e. a homomorphism. A quadratic refinement is tame if q|ΞK “ 0.
A tame quadratic refinement passes to a quadratic refinement on Ξ{ΞK, on which it refines the
perfect pairing induced by B.
If q1 and q2 are both quadratic refinements of B, then q2´ q1 is a Z2-valued character on Ξ.
Gauss sums and Arf invariants Given a quadratic refinement q on Ξ, we can compute its
Gauss sum
Gausspqq :“
ÿ
xPΞ
exp 2piiqpxq . (A.4)
The norm |Gausspqq| is equal to zero if q is not tame, and toa|ΞK||Ξ| is q is tame. In particular,
it is equal to
a|Ξ| if B is perfect. Here |Ξ| denotes the order of the finite group Ξ.
The argument of Gausspqq is the Arf invariant of q:
Arfpqq :“ ArgpGausspqqq “ 1
2pi
Im ln Gausspqq P R{Z . (A.5)
It turns out that the Arf invariant is valued in 18Z{Z, as the following classification shows.
Classification of quadratic refinements Finite abelian groups endowed with quadratic
refinements inducing perfect pairings were classified up to isomorphism in [35], Theorem 3.5.
Their Arf invariants were computed in Theorem 3.9 of the same reference. We record here this
classification, starting by enumerating the elementary building blocks. In the following m and
a (respectively a1 and a2) are positive integers, p is a prime different from 2, x (respectively x1
and x2) is the generator of Ξ,
`
a
p
˘
L
is the Legendre symbol of p, taking value 1 if a is a quadratic
residue mod p and ´1 if a is a quadratic non-residue mod p.
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1. Ξr,a :“ Zr, r “ pm, qpxq “ ar , a prime to p, a ă r.
exp 2piiArfpqq “
$’&’%
1 if m is even`
a
p
˘
L
if m is odd and p “ 1 mod 4
i
`
a
p
˘
L
if m is odd and p “ 3 mod 4
(A.6)
2. Ξr,a :“ Zr, r “ 2m, qpxq “ a2r , a prime to 2, a ă 2r.
exp 2piiArfpqq “
"
exp 2pii8 a if m is even
exp˘2pii8 if m is odd and a “ ˘1 mod 4
(A.7)
3. Ξr,a1,a2 :“ Zr ‘ Zr, r “ 2m, qpx1q “ a1r , qpx2q “ a2r , qpx1 ` x2q “ a1`a2`1r , a1, a2 ă r.
exp 2piiArfpqq “
$&%
1 if m is even
1 if m is odd and a1a2 is even
´1 if m is odd and a1a2 is odd
(A.8)
The classification theorem says that up to isomorphism, any finite group endowed with a perfect
pairing and a quadratic refinement is given by a direct sum of the groups above, with quadratic
refinement given by the sum of the quadratic refinements of the summands. Note that this
decomposition is not necessarily unique. In fact some blocks are isomorphic. The Arf invariant
of the direct sum is given by the sum modulo 1 of the Arf invariants of the summands.
Z2-valued quadratic refinements If a quadratic refinement is Z2-valued, then Bpx, xq “ 0
for all x P Ξ. This means that B is both symmetric and alternating. Unless B vanishes trivially,
this is possible only if Ξ “ Zn2 . Moreover if B is perfect, as we will assume, then n is even.
Using the classification above, we see that Ξ has to be a direct sum of groups of the third
type with r “ 2. It is easy to check that there are only two such groups up to isomorphism,
Ξ2,0,0 and Ξ2,1,1. Ξ2,0,0 and Ξ2,1,1 are sometimes called respectively the hyperbolic and elliptic
Z2-plane. The Arf invariant is 0 in the hyperbolic case, and 12 in the elliptic case.
Proposition A.3. In the Arf invariant 0 case,
Ξ »
n{2à
j“0
Ξ2,0,0 . (A.9)
In the Arf invariant 1 case,
Ξ »
˜
n{2´1à
j“0
Ξ2,0,0
¸
‘ Ξ2,1,1 . (A.10)
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Proof. To prove the proposition, it is sufficient to show that
Ξ2,1,1 ‘ Ξ2,1,1 » Ξ2,0,0 ‘ Ξ2,0,0 (A.11)
Let px1, x2q and px3, x4q be generators of the summands on the left-hand side. Then one easily
check that px1 ` x3, x1 ` x2 ` x3q and px2 ` x4, x2 ` x3 ` x4q generate two copies of Ξ2,0,0.
As B is alternating, we can speak of Lagrangian subgroups, i.e. subgroups L Ă Ξ on which
B vanishes identically. A Lagrangian subgroup is said to be q-isotropic if q|L “ 0.
Proposition A.4. The Arf invariant of Ξ is 0 if and only if there exists a q-isotropic Lagrangian
subgroup.
Proof. Ξ2,0,0 admits two q-isotropic Lagrangian subgroups and Ξ2,1,1 admits none. If the Arf
invariant is zero, we can easily construct a q-isotropic Lagrangian subgroup in Ξ using the
decompositions of Proposition A.3.
Conversely, suppose that there is a q-isotropic Lagrangian subgroup L. Pick a basis txiu of
generators of L. As the pairing B is perfect, there is a unique y1 P Ξ such that Bpx1, y1q “ 12 ,
Bpxi, y1q “ 0, i ‰ 1. We can therefore split off a summand Ξ1 generated by tx1, y1u. Ξ1 is
isomorphic to Ξ2,0,0 as x1 obviously generates a q-isotropic Lagrangian subgroup. L{Ξ1 is a
Lagrangian subgroup of Ξ{Ξ1. Repeating the argument, we see that Ξ » Àn{2j“1 Ξ2,0,0, so the
Arf invariant vanishes.
Tensor product with a lattice Suppose that Λ is a lattice with a Z-valued pairing BΛ and
Ξ a finite group endowed with a tame quadratic refinement q. Assume that Ξ{ΞK has order pm
for some prime p and that detBΛ ‰ 0 mod p. We can construct the finite group ΞΛ :“ Λ b Ξ
and endow it with the quadratic refinement qΛ :“ QΛ b q, where QΛ is the quadratic form
associated to the pairing BΛ. Recall the definition of the Kronecker symbol in (8.34) and define
pa|bq1K :“ 12pii lnpa|bqK P t0, 12u for positive integers a, b such that a is not a multiple of b.
The following proposition relates the Arf invariant of qΛ to the properties of Λ and the Arf
invariant of q, for the two cases of interest to us in the main text.
Proposition A.5. If p is even and BΛ is an even pairing, then
ArfpqΛq “ pdetBΛ|2q1K . (A.12)
If p is odd,
ArfpqΛq “ rankpΛqArfpqq ` pdetBΛ|pq1K . (A.13)
Proof. These claims are special cases of Proposition 2.8 of [32].
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B Pairings on cohomology
Local systems of groups Let Ξ be an abelian group and M be a d-dimensional compact
oriented manifold, possibly with boundary. A local system of groups over M is a fiber bundle
over M with fiber Ξ carrying an action of the fundamental groupoid of M : given x, y PM and
a homotopy class of path from x to y relative to tx, yu, there is an isomorphism from the fiber
Ξx over x to the fiber Ξy over y. In particular, given a point x PM , a local system determines
a homomorphism from pi1pM,xq to AutpΞq. We call the image of this homomorphism the
structure group of the local system, which is independent of x. We denote a local system over
M with fiber Ξ with a bar: Ξ¯.
In the present paper, we only consider local systems of groups endowed with a pairing, and
we require all the isomorphisms to be compatible with the pairings on the fibers. Their structure
group is a subgroup of OpΞq Ă AutpΞq, the subgroup of automorphisms of Ξ preserving the
pairing. We call such local systems orthogonal.
Isomorphisms of orthogonal local systems are bundle maps commuting with the action of
the fundamental groupoids and preserving the pairings on the fibers.
There is a complex C˜‚pM, Ξ¯q of cochains valued in the local system Ξ¯, see for instance
Section 2 of [36], with corresponding cohomology groups H‚pM, Ξ¯q .
Cup product Let Ξi, i “ 1, 2, 3 be abelian groups and suppose we have a pairing
p‚, ‚q : Ξ1 ˆ Ξ2 Ñ Ξ3 . (B.1)
Let Ξ¯i, i “ 1, 2, 3 be local systems over M with fibers Ξi such that (B.1) can be promoted to a
bundle map lifting the identity on M . We can define cup products
Y : CppM ; Ξ¯1q ˆ CqpM ; Ξ¯2q Ñ Cp`qpM ; Ξ¯3q . (B.2)
Y : CppM ; Ξ¯1q ˆ CqpM, BM ; Ξ¯2q Ñ Cp`qpM, BM ; Ξ¯3q . (B.3)
Y induces a graded symmetric cup product on the corresponding cohomology groups.
Cup product pairing Suppose that Ξ¯3 is a trivial local system. This occurs for instance if
Ξ1 “ Ξ2 “ Ξ is endowed with a pairing and Ξ¯ is an orthogonal local system. Assuming that
p` q “ d and that M carries a fundamental homology class rM, BM s P HdpM, BM ; Ξ3q, we can
define the cup product pairing Ip‚, ‚q : CppM ; Ξ¯1q ˆ CqpM, BM ; Ξ¯2q Ñ Ξ3:
Ipxˆ1, xˆ2q :“ xxˆ1 Y xˆ2, rM, BM sy P Ξ3 . (B.4)
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I induces a pairing on the corresponding cohomology groups.
Lemma B.1. [37], Section 15. Assume that Ξ1 and Ξ2 are Pontryagin duals of each other,
Ξ3 “ R{Z. Let Ξ¯3 be the trivial local system, and Ξ¯1, Ξ¯2 be local systems such that the natural
pairing lifts to a bundle map. Then HppM ; Ξ¯1q is the Pontryagin dual of Hd´ppM, BM ; Ξ¯2q
with respect to the cup product pairing.
Here are some examples relevant to the present work.
1. Let Ξ1 “ Λ be a lattice, Ξ2 its dual Λ˚. Let Λ¯ be an orthogonal local system over M
with fiber Λ. Let Ξ3 “ Z and let Ξ¯2 :“ Λ¯˚ be the local system dual to Λ¯. We obtain a
Z-valued pairing between H‚pM ; Λ¯q and H‚pM, BM ; Λ¯˚q. This pairing is degenerate in
general.
2. Recall that Γp2q is the quotient of Λ{2Λ by the radical of the induced pairing. Λ¯ induces a
local system Γ¯p2q with fiber Γp2q. Γp2q carries a perfect pairing and we obtain a Z2-valued
perfect cup product pairing between H‚pM ; Γ¯p2qq and H‚pM, BM ; Γ¯p2qq
3. The lattice pairing can be extended to an R-valued pairing on Rn. There is a corresponding
perfect R-valued cup product pairing between H‚pM ;V q and H‚pM, BM ;V q. It induces
a Q-valued pairing between H‚pM ; Λ¯˚q and H‚pM, BM ; Λ¯˚q, whose left and right radicals
are H‚torspM ; Λ¯˚q and H‚torspM, BM ; Λ¯˚q. We therefore obtain a perfect Q-valued pairing
BΛ˚ between H‚freepM ; Λ¯˚q and H‚freepM, BM ; Λ¯˚q.
4. Taking the latter pairing modulo 1, we obtain a Q{Z-valued pairing B between
GM :“ H‚freepM ; Λ¯˚q{H‚freepM ; Λ¯q and GM,BM :“ H‚freepM, BM ; Λ¯˚q{H‚freepM, BM ; Λ¯q. As
BΛ˚px, yq takes integral values if and only if x P H‚freepM ; Λ¯q or y P H‚freepM, BM ; Λ¯q, B
is perfect. In the main text, we find it more useful to write B multiplicatively.
5. The Q-valued pairing on Λ˚ induces a perfect Q{Z-valued pairing on Γ “ Λ˚{Λ. This
induces a perfect cup product pairing between H‚pM ; Γ¯q and H‚pM, BM ; Γ¯q.
Linking pairing We use the notations of Section 2. LetM be a 4``3-dimensional manifold.
Let H2``2tors pM ; Λ¯q be the torsion subgroup of H2``2pM ; Λ¯q. Let x1, x2 P H2``2tors pM ; Λ¯q, xˆ1, xˆ2 be
cocycle representatives, and assume that x2 is of order k. Then we can find a cochain yˆ such
that dyˆ “ kxˆ2. Consider
Lpx1, x2q :“ ´1
k
xxˆ1 Y yˆ, rM sy P R{Z , (B.5)
where we used the cup product defined above. Then standard arguments [38] show that L is a
well-defined symmetric pairing on H2``2tors pM ; Λ¯q, the linking pairing. The sign is introduced for
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convenience.
If x2 is k-torsion, then Lpx1, x2q is valued in 1kZ{Z. Together with the symmetry of the
pairing, this implies that if x1 is l-torsion with l prime to k, then Lpx1, x2q “ 0. The radical of
L is KM Ă H2``2tors pM ; Λ¯q, namely the group of classes admitting a cocycle representative having
a trivialization in C2``2pM ; Λ¯˚q.
Lagrangian subgroups of GBM We now show that a 4` ` 3-dimensional W-manifold M
determines a Lagrangian subgroup of GBM .
We have a long exact sequence for the Γ¯-valued cohomology of the pair pM, BMq:
...Ñ HppM, BM ; Γ¯q ιÑ HppM ; Γ¯q ρÑ HppBM ; Γ¯q Ñ Hp`1pM, BM ; Γ¯q Ñ ... (B.6)
ι takes the absolute cohomology class of any cocycle representative of a relative cohomology
class. ρ is the restriction to the boundary.  is the connecting homomorphism, obtained
by extending any representative cocycle to M , taking its differential and finally its relative
cohomology class.
Lemma B.2. Let x P HppM ; Γ¯q and y P HppBM ; Γ¯q. The following relation holds:
IBM pρpxq, yq “ IM px, pyqq , (B.7)
The two pairings in (B.7) are the cup product pairings associated respectively to BM and to
M .
Proof. Given representative cocycles xˆ and yˆ, we have
IM px, pyqq “ xxˆY dyˆext, rM, BM sy “ xρpxˆq Y yˆ, rBM sy “ IBM pρpxq, yq . (B.8)
where yˆext is any extension of yˆ toM as a cochain, and we used the definition of the differential:
xdzˆ, σˆy :“ xzˆ, Bσˆy for any chain σˆ.
Lemma B.3. The subgroup L of elements of H2``1pBM ; Γ¯q that are restrictions of elements of
H2``1pM ; Γ¯q is Lagrangian with respect to the alternating cup product pairing on H2``1pBM ; Γ¯q.
Proof. We have  ˝ ρ “ 0 and hence (B.7) implies that L is isotropic. The fact that L is also
coisotropic follows from (B.7) as well. If y P H2``1pBM ; Γ¯q is such that IBM pρpxq, yq “ 0 for all
x P H2``1pM ; Γ¯q, then pyq “ 0. Hence, by exactness, y “ ρpx1q P L.
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Recall the notation
TBM :“ H2``1tors pBM ; Λ¯˚q{H2``1tors pBM ; Λ¯q (B.9)
CBM :“ H2``1pBM ; Λ¯˚q{H2``1pBM ; Λ¯q , EBM :“ H2``1pBM ; Γ¯q . (B.10)
We have the filtration
TBM Ă CBM Ă EBM , GBM :“ CBM{TBM , KBM :“ EBM{CBM . (B.11)
With respect to the cup product pairing IBM , TBM is isotropic and its orthogonal is CBM . This
means that the pairing identifies the elements of TBM with the characters on EBM that are
constant on CBM . The above implies that
|EBM | “ |GBM ||KBM |2 (B.12)
Let L be the Lagrangian subgroup of Lemma B.3. As a Lagrangian subgroup of EBM , it has
order |GBM |1{2|KBM |. Its intersection L1 with CBM satisfies |L1| ě |GBM |1{2. Define LM to be the
projection of L1 along the orbits of the action of TM .
Proposition B.4. LM is a Lagrangian subgroup of GBM .
Proof. As L is Lagrangian, L1 and LM are isotropic. To check the coisotropy, assume that we
have x P GBM that has vanishing pairing with every element of LM . Let y be any lift of x to
CM . Then the pairing with y defines a character of EM that vanishes on L1. By the remarks
above, we can find a y1 such that y1 ´ y P TM and whose associated character vanishes on all
of L. As L is Lagrangian, y1 P L1. y1 is also a lift of x, so x belongs LM , showing that the latter
is a Lagrangian subgroup of GBM .
Lagrangian subgroups of GBM,2Λ The construction above can be repeated, starting from
the lattice Λ1 :“ ?2Λ. We write XBM,2Λ the groups defined analogously to (B.9) - (B.11), for
X “ T,C,E,G,K. GBM,2Λ is isomorphic to H2``1free pM ; Λ¯˚q{2H2``1free pM ; Λ¯q, consistently with the
definition in Section 8.2. Repeating the construction above Proposition B.4, we obtain
Proposition B.5. Any W-manifold M with boundary determines a Lagrangian subgroup
LM,2Λ Ă GBM,2Λ.
Lagrangian subgroups of Gp2qBM Construct a lattice Λ2 as follows. Quotient Λ with the
sublattice Λeven generated by primitive elements having even scalar product with every other
element of Λ. Pick a basis of Λ2 :“ Λ{Λeven and define the scalar product between two basis
94
elements to be 2 if the scalar product of their representative in Λ is odd, and zero otherwise.
This endows Λ2 with the structure of a lattice, with the property that pΛ2q˚{Λ2 “ Γp2q.
Now repeat the construction above with Λ2, writing Xp2qBM , X “ T,C,E,G,K, for the groups
defined analogously to (B.9) - (B.11). In particular, the definition of Gp2q coincides with the
definition given above Proposition 7.11. Repeating the construction above Proposition B.4, we
obtain
Proposition B.6. Any W-manifoldM with boundary determines a Lagrangian subgroup Lp2qM Ă
G
p2q
BM .
C Wu classes and Wu structures
Higher cup products and Steenrod squares Let M be an oriented manifold, possibly
with boundary. Given any pairing Ξ¯1ˆ Ξ¯2 Ñ Ξ¯3 between local systems of abelian groups, there
are higher cousins of the cup product for each non-negative integer i:
Yi : CppM ; Ξ¯1q ˆ CqpM ; Ξ¯2q Ñ Cp`q´ipM ; Ξ¯3q . (C.1)
The ordinary cup product coincides with Y0. We also formally set Yi “ 0 for i ă 0. The higher
cup products satisfy the fundamental relations ([39], Theorem 5.1)
dpuˆYi vˆq ´ duˆYi vˆ ´ p´1qpuˆYi dvˆ “ p´1qp`q´iuˆYi´1 vˆ ` p´1qpq`p`qvˆ Yi´1 uˆ , (C.2)
where uˆ and vˆ are cochains of degree p and q respectively. In words, the failure of the Leibniz
rule for the product Yi is equal to the failure of Yi´1 to be graded symmetric.
If Ξ¯1 “ Ξ¯2 “ Ξ¯, we define the Steenrod square operations on cochains by
Sqi : CppM ; Ξ¯q Ñ Cp`ipM ; Ξ¯3q (C.3)
Sqipxˆq “ xˆYp´i xˆ . (C.4)
(Our notation follows the standard convention and differs from [39] by the substitution iØ p´i.)
An easy consequence of (C.2) is that when xˆ is closed, dpSqipxˆqq “ 0 when i is odd and
dpSqipxˆqq “ 0 mod 2 when i is even. On a closed manifold, the operators Sqi induce Steenrod
operations on the cohomology, which will be denoted by the same symbols. On a manifold with
boundary, they induce Steenrod operations on the cohomology relative to the boundary.
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Wu classes We now restrict ourselves to smooth compact oriented manifolds. A universal
way of defining the Wu class of degree p is the following. Consider the Thom spectrum MSO
of BSO, carrying the universal Thom class u. νp is the class in HppBSO;Z2q satisfying
νp Y u “ χSqppuq , (C.5)
where χ is the antipode of the Steenrod algebra. The cup product and Steenrod square in (C.5)
are defined with the standard perfect pairing Z2 ˆ Z2 Ñ Z2. As defined above, νp is a stable
characteristic class of oriented vector bundles. We will consider only Wu classes associated to
tangent bundles. In the case of a d-dimensional manifold M , assume that the pulled back Wu
class νppMq is trivialized on the boundary, thereby defining a class in HppM, BM ;Z2q. (C.5)
implies that
Sqppxq “ xY νppMq (C.6)
for all x P Hd´ppM, BM ;Z2q. νppMq “ 0 for p ą d{2. When the dimension of M is even and
p “ d{2, (C.6) can be written
xY x “ xY νppMq (C.7)
for all x P Hd{2pM, BM ;Z2q. This means that the Wu class is a characteristic element for the
cup product pairing on HppM, BM ;Z2q.
Wu structures Let us consider the homotopy fiber BSOrνps of the map νp : BSO Ñ ΣpHZ2,
where HZ2 is the Z2-cohomology spectrum.
Definition C.1. A degree p Wu structure on (the stable tangent bundle of) a manifold M is
a lift of the classifying map of the tangent bundle of M from BSO to BSOrνps.
Wu structures exist on M if and only if νppMq “ 0. When this is the case, the set of
Wu structures on M forms a torsor for Hp´1pM, BM ;Z2q. A degree 2 Wu structure is a spin
structure, and one can show that spin manifolds admit Wu structures for all p [18]. We also
deduce from the above that a d-dimensional manifold M admits degree p Wu structures for all
p ą d{2.
We will now generalize the notion of Wu class and Wu structure defined above to cohomology
with coefficients in a local system. We follow the notations of Section 2.
Characteristic element of the coefficient group Let Γp2qdeg :“ Λ{2Λ. Γp2qdeg inherits a 12Z{Z-
valued pairing from the pairing on Λ (divided by two). This pairing has a radical Γrad Ă Γp2qdeg.
96
Γp2q :“ Γp2qdeg{Γrad carries a perfect pairing. According to the classification reviewed in Appendix
A (Theorem 3.5 of [16]), Γp2q can be diagonalized into a direct sum of two types of elementary
terms:
• Z2 with generator a and pairing pa, aq “ 12 . We write the sum of these terms Γ1.
• Z2 ˆ Z2 with generators a1, a2 and pairing pai, aiq “ 0, pa1, a2q “ 12 . We write the sum
of these terms Γ2
We have therefore a direct sum decomposition
Γp2q “ Γ1 ‘ Γ2 . (C.8)
Lemma C.2. Γp2q has a unique characteristic element γ1
Proof. If Ξ1 and Ξ2 are two abelian groups endowed with pairings. Any characteristic element
of Ξ1 ‘ Ξ2 is the sum of a characteristic element of Ξ1 and a characteristic element of Ξ2. But
the elementary summands composing Γ1 and Γ2 each admit a unique characteristic element,
respectively the non-trivial element and zero.
Wu class relative to a local system Consider the class νΓp :“ νp b γ1 in HppBSO; Γp2qq.
From (C.5), it satisfies
νΓp Y u “ χSqppuq b γ1 . (C.9)
Its pull-back νΓp pMq to a manifold M can be seen as an element of HppM ; Γ¯p2qq for any local
system Γ¯p2q over M with structure group OpΓp2qq, because γ1, being the unique characteristic
element, is invariant under OpΓp2qq.
Let M be a manifold of dimension d. Embed M into R2d, let NM be the normal bundle
and MNM the corresponding Thom space. Assume that νΓp pMq is trivialized on BM and is
therefore refined to a class in HppM, BM ; Γ¯p2qq. In the main text, this is the case because νΓp pMq
comes with a distinguished cocycle representative.
Lemma C.3. For all x P Hd´ppM, BM ; Γ¯p2qq, we have
Sqppxq “ xY νΓp pMq , (C.10)
where the Steenrod square and the cup product are those associated to the perfect pairing Γp2qˆ
Γp2q Ñ Z2.
Proof. (C.9) implies that after choosing representative cocycles,
νˆΓp pMq Y uˆpMq “ pSqpq˚puˆpMqq b γ1 ` dcˆb γ1 (C.11)
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for some Z2-valued cochain cˆ. pSqpq˚ is the dual of Sqp with respect to the pairing between
the cochain groups CppM, BM ;Z2q and C2d´ppMNM ,Z2q, which coincides with χSqp on the
cohomology. Let xˆ be a cocycle in CppM, BM ; Γ¯p2qq. Using a trivialization of Γ¯p2q on some open
cover of M , we can write xˆ “ ři yˆi b αi, where yˆi are Z2-valued cochains and αi P Γp2q. We
have
xˆY νˆΓp pMq Y uˆpMq “
ÿ
i
yˆi Y pSqpq˚puˆpMqq b pαi, γ1q ` yˆi Y dcˆb pαi, γ1q
“
ÿ
i
Sqppyˆiq Y uˆpMq b pαi, αiq `
ÿ
i
dpyˆi Y cˆq b pαi, γ1q (C.12)
“ Sqppxˆq Y uˆpMq ` dpxˆY pcˆb γ1qq
The Thom isomorphism yields (C.10).
Classifying space and spectrum for local systems The classifying space for the degree
p cohomology with local coefficients has been described in [40], Section 7. The classifying
space of interest to us is, in the notation of [40], LOpΓp2qqpΓp2q, pq, which we will write LpΓp2q, pq
to lighten the notation. Homotopy classes of maps from a manifold M into LpΓp2q, pq are in
bijection with pairs composed of a local system of groups Γ¯p2q with fiber Γp2q and a cohomology
class in HppM ; Γ¯p2qq. LpΓp2q, pq is constructed as the quotient of EOpΓp2qq ˆKpΓp2q, pq by the
natural diagonal action of OpΓp2qq on these spaces. As the action is free on EOpΓp2qq, LpΓp2q, pq
is a fibration
KpΓp2q, pq ιãÑ LpΓp2q, pq piÑ BOpΓp2qq . (C.13)
ι is an inclusion corresponding to the trivial local system and pi is a projection obtained by
discarding the cohomology class.
Unlike KpΓp2q, pq, the classifying space LpΓp2q, pq cannot be straightforwardly promoted to
a spectrum. However, from our partial understanding of these matters, it can be promoted to
a parametrized spectrum over BOpΓp2qq, see [41], Section 22.1. (One can think of parametrized
spectra as fibrations whose base is a topological space and whose fiber is a spectrum.) We will
write H¯Γp2q for this paramterized spectrum.
Wu structure relative to a local system νΓp defines a map
νΓp : BSO ^BOpΓp2qq Ñ ΣpH¯Γp2q (C.14)
covering the identity on BOpΓp2qq. We will write BSOrΓp2q, ps for the homotopy fiber of this
map, taken fiberwise over BOpΓp2qq. BSOrΓp2q, ps is a parametrized spectrum over BOpΓp2qq.
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Let M be a smooth manifold endowed with a local system Γ¯p2q with fiber Γp2q. There is a map
from M into BSO^BOpΓp2qq classifying the tangent bundle and the local system Γ¯p2q. (More
precisely, assuming these structures fixed on the boundary, they are classified by a homotopy
class of such maps relative to the boundary.)
Definition C.4. A degree p Wu structure relative to Γ¯p2q on the stable tangent bundle of M
is a lift of the classifying map above to BSOrΓp2q, ps.
Wu structures relative to Γ¯p2q exist on M if and only if νΓp pMq “ 0. There are two cases
leading to the existence of a Wu structure relative to Γ¯p2q. First, if the pairing on Λ is even,
γ1 “ 0 and Wu structures always exist. The map (C.14) is the constant map, so there is a
canonical Wu structure relative to Γ¯p2q. Second, if Λ is not even, νΓp pMq “ 0 iff νppMq “ 0,
so a manifolds admits a Wu structure relative to Γ¯p2q iff it admits a Wu structure in the sense
of Definition C.1. The same remarks concerning existence therefore apply. The Wu structures
relative to Γ¯p2q on M form a torsor for Hp´1pM, BM ; Γ¯p2qq.
We will pick a cocycle representative νˆp of the universal Wu class νp on BSO, yielding
a cocycle νˆΓp :“ νˆp b γ1 representing the Wu class relative to Γp2q. The pull-back of νˆΓp to
BSOrΓp2q, ps is exact by definition. Let ηˆ be a trivializing cochain: dηˆ “ νˆΓp . In the present
work, we assume that a choice of cocycle νˆp and of trivializing cochain ηˆ has been made once and
for all for p “ 2``2. We also assume that ηˆ has been chosen to restrict to a cocycle representing
the canonical generator of the cohomology of the fibers of BSOrΓp2q, ps Ñ BSO ^ BOpΓp2qq.
Given such a choice, any classifying map M Ñ BSOrΓp2q, ps provides by pull-back a pair
pνˆΓp pMq, ηˆpMqq on M such that νˆpMq “ dηˆpMq. Under a change of the Wu structure on M ,
associated to an element δ P Hp´1pM, BM ;Z2q, ηˆpMq changes by a cocycle δˆ representing δ.
The cochain ηˆpMq is therefore a useful bookkeeping device for the Wu structure on M .
Notation In the main text, to lighten the notation, we simply write νp for νΓp pMq. Similarly,
we write ηˆ for ηˆpMq.
D E-theory
We describe here a generalized cohomology theory known as E-theory [11, 12]. More precisely,
we define here the R{Z-valued version of E-theory, as well as certain natural generalizations.
We also describe a cochain model for these generalized cohomology theories.
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Unless noted otherwise, all the operations on parametrized spectra, such as suspensions,
smash products or homotopy fiber, should be understood fiberwise. When writing maps of
parametrized spectra, we always implicitly assume that they cover the identity on the base.
The E-theory spectrum Let q be a positive integer. The fiberwise homotopy fiber over
BOpΓp2qq of the map
Sqq`1 : Σ´qH¯Γp2q Ñ ΣHR{Z^BOpΓp2qq (D.1)
is a parametrized spectrum ErΓp2q, qs over BOpΓp2qq. Given a W-manifold M , which includes
the data of a classifying map M Ñ BOpΓp2qq, we obtain generalized cohomology groups fitting
in the long exact sequence
...HppM ;R{Zq iÑ ErΓp2q, qsppMq jÑ Hp´qpM ; Γ¯p2qq (D.2)
Sqq`1Ñ Hp`1pM ;R{Zq iÑ ErΓp2q, qsp`1pMq jÑ Hp`1´qpM ; Γ¯p2qq...
We are focusing here on R{Z-valued E-theory. For q “ 1 and Γ¯p2q the trivial local system with
fiber Z2 and non-degenerate pairing, the corresponding Z-valued E-theory groups have been
described in [11, 12].
A cochain model for E-cohomology Consider the non-abelian group C¯ppMq defined as
follows. Its elements, which we call E-cochains of degree p, are pairs of cochains x¯ “ psˆ, yˆq P
CppM ;R{Zq ˆ Cp´qpM ; Γ¯p2qq. We write them with a bar. The group law is given by
psˆ1, yˆ1q‘ psˆ2, yˆ2q “ psˆ1 ` sˆ2 ` dyˆ1 Yp´2q`1 yˆ2 ` yˆ1 Yp´2q yˆ2, yˆ1 ` yˆ2q . (D.3)
Yi denotes the higher cup products reviewed above, for G1 “ G2 “ Γp2q, G3 “ 12Z{Z, with the
pairing induced from Γ. Easy computations show
Lemma D.1. ‘ is associative. The inverse of psˆ, yˆq is
a psˆ, yˆq “ p´sˆ` dyˆ Yp´2q`1 yˆ ` yˆ Yp´2q yˆ, yˆq . (D.4)
We define the following differential on Eˆp:
d0psˆ, yˆq “ pdsˆ` yˆ Yp´2q dyˆ ` yˆ Yp´2q´1 yˆ, dyˆq (D.5)
The kernel Z¯ppMq Ă C¯ppMq of d0 is the set of degree p E-cocycles. Remark that yˆYp´2q´1 yˆ “
Sqq`1yˆ, so E-cocycles satisfy the relations
dsˆ “ Sqq`1yˆ , dyˆ “ 0 . (D.6)
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The image B¯ppMq Ă C¯ppMq of d0 is the subset of exact E-cochains. We record some properties
of the differential on E-cochains.
Lemma D.2. 1. d0 is a group homomorphism. Hence Z¯ppMq and B¯ppMq are subgroups of
C¯ppMq.
2. d20 “ 0, hence B¯ppXq Ă Z¯ppMq.
3. B¯ppMq is a normal subgroup of Z¯ppMq.
Proof. For point 1, we need to show that for s¯1, s¯2 P C¯ppMq,
d0ps¯1 ‘ s¯2q “ d0s¯1 ‘ d0s¯2 (D.7)
Writing s¯i “ psˆi, yˆiq, i “ 1, 2, we compute
d0ps¯1 ‘ s¯2q “ psˆ3, dyˆ1 ` dyˆ2q (D.8)
sˆ3 “ dsˆ1 ` dsˆ2 ` dpdyˆ1 Yp´2q`1 yˆ2q ` dpyˆ1 Yp´2q yˆ2q (D.9)
` pyˆ1 ` yˆ2q Yp´2q dpyˆ1 ` yˆ2q ` pyˆ1 ` yˆ2q Yp´2q´1 pyˆ1 ` yˆ2q
d0s¯1 ‘ d0s¯2 “ psˆ4, dyˆ1 ` dyˆ2q (D.10)
sˆ4 “ dsˆ1 ` dsˆ2 ` yˆ1 Yp´2q dyˆ1 ` yˆ1 Yp´2q´1 yˆ1 (D.11)
` yˆ2 Yp´2q dyˆ2 ` yˆ2 Yp´2q´1 yˆ2 ` dyˆ1 Yp´2q`1 dyˆ2 .
After obvious cancellations, we obtain
sˆ3 ´ sˆ4 “ dpdyˆ1 Yp´2q`1 yˆ2q ` dpyˆ1 Yp´2q yˆ2q ` yˆ1 Yp´2q dyˆ2 ` yˆ2 Yp´2q dyˆ1
` yˆ1 Yp´2q´1 yˆ2 ` yˆ2 Yp´2q´1 yˆ1 ` dyˆ1 Yp´2q`1 dyˆ2 “ 0 (D.12)
On the second line, we used (C.2) to replace the differentials of the cup products and performed
the cancellations.
For point 2, we have:
d20psˆ, yˆq “ pdpyˆ Yp´2q dyˆq ` dpyˆ Yp´2q´1 yˆq ` dyˆ Yp´2q dyˆ, 0q (D.13)
Using (C.2) twice, this expression is easily seen to vanish.
For point 3, we need to show that if s¯ is a degree p E-cocycle and rˆ is a degree p ´ 1
E-cochain, then there is a degree p´ 1 E-cochain rˆ1 such that
s¯‘ d0r¯ “ d0r¯1 ‘ s¯ . (D.14)
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Writing s¯ “ psˆ, yˆq, r¯ “ prˆ, xˆq, we compute
s¯‘ d0r¯ “ psˆ` drˆ ` xˆYp´2q´1 dxˆ` xˆYp´2q´2 xˆ` yˆ Yp´2q dxˆ, yˆ ` dxˆq . (D.15)
Remark now that yˆYp´2q dxˆ “ dxˆYp´2q yˆ` dcˆ for some cochain cˆ. Defining r¯1 “ prˆ` cˆ, xˆq, we
obtain (D.14).
Point 3 of the Lemma ensures that the "cohomology" Z¯ppMq{B¯p´1pMq is a group. It is
easy to see that it is an abelian group.
Proposition D.3. The quotient Z¯ppMq{B¯p´1pMq is isomorphic to the E-theory group
ErΓp2q, qsppMq.
Proof. One can check that the quotient fits in the long exact sequence (D.2). i sends an element
s P HppM ;R{Zq on the equivalence class of psˆ, 0q, where sˆ is any cocycle representing s. j
sends the equivalence class of psˆ, yˆq onto the cohomology class y. Exactness at ErΓ¯p2q, qsppMq
is obvious. (D.6) ensures exactness at Hp´qpM ; Γ¯p2qq, and exactness at HppM ;R{Zq follows
from
pSqq`1pyˆq, 0q “ pyˆ Yp´2q yˆ, 0q “ d0p0, yˆq (D.16)
for any yˆ P Zp´q´1pM ; Γ¯p2qq.
Twisted E-theory We need a twisted version of the generalized cohomology theory defined
above. Define the parametrized spectrum EνrΓp2q, qs over BSOrΓp2q, q ` 1s as the fiberwise
homotopy fiber of the map
α :“ Sqq`1p‚q ` ‚ Y νq`1 : (D.17)
Σ´qHΓ¯p2q ^BOpΓp2qq BSOrΓp2q, q ` 1s Ñ ΣHR{Z^BSOrΓp2q, q ` 1s .
We used the notation ^BOpΓp2qq to distinguish the fiberwise smash product from the ordinary
one. A W-manifold M comes with a natural classifying map into BSOrΓp2q, q ` 1s. The
corresponding cohomology groups fit in a long exact sequence similar to (D.2):
...HppM ;R{Zq iÑ EνrΓp2q, qsppMq jÑ Hp´qpM ; Γ¯p2qq (D.18)
αÑ Hp`1pM ;R{Zq iÑ EνrΓp2q, qsp`1pMq jÑ Hp`1´qpM ; Γ¯p2qq...
Let νˆ the Wu cocycle on M . We have a cochain model for EνrΓ, qsppMq given by the group
of E-cochains C¯ppMq, with a twisted differential
dpsˆ, yˆq “ pdsˆ` yˆ Yp´2q dyˆ ` yˆ Yp´2q´1 yˆ ` yˆ Y νˆ, dyˆq . (D.19)
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We write Z¯pν pMq :“ kerpd|C¯ppMqq for the group of degree p twisted E-cocycles and B¯pνpMq :“
impd|C¯p´1pMqq for the group of degree p twisted exact E-cochains. The twisted differential has
the same properties as the differential d0:
Lemma D.4. 1. d is a group homomorphism.
2. d2 “ 0
3. B¯pνpMq is a normal subgroup of Z¯pν pMq.
Proof. All three points are easily deduced from Lemma D.2 by analysing the extra terms induced
by the twisted differential.
For point 1, notice that in the twisted case, both sides of (D.7) get an extra contribution of
pyˆ1` yˆ2qY νˆ. For point 2, notice that the two extra terms generated by the twisted differentials
are both equal to dyˆY νˆ and cancel each other. For point 3, the extra terms induced by dr¯ and
dr¯1 are both xˆY νˆ.
Proposition D.5. The quotient Z¯pν pMq{dC¯ppMq is isomorphic to the E-theory group
EνrΓp2q, qsppMq.
Proof. The quotients fit in the long exact sequence (D.18), see the proof of Proposition D.3.
Integration on manifolds An integration theory exists for ErZ2, 1s-theory with trivial local
systems [12] (Proposition 4.4), however the proof there does not generalize because of the lack
of multiplicative structure on the Brown-Comenetz dual of EνrΓp2q, qs for q ą 1. We describe
here a construction that provides a partial substitute for integration.
Proposition D.6. Let M be a W-manifold of dimension m ă 2q ` 2, possibly with boundary.
Then there is a canonical element uE P HompEνrΓp2q, qsmpM, BMq;R{Zq.
Canonical should be understood as "canonical up to universal choices on the classifying
spaces/spectra". By a slight abuse of language, we will call uE the fundamental E-homology
class of the W-manifold M and write it rM, BM sE , or simply rM sE when M has an empty
boundary. Given any E-cohomology class s¯ of degree m, we define its integral over M by
xs¯, rM sEy P R{Z.
Proof. Consider the parametrized spectrum FνrΓp2q, qs over BSOrΓp2q, q ` 1s defined as the
fiberwise homotopy fiber of the map
α˜ :“ χSqq`1p‚q b γ1 ` νq`1 X ‚ : (D.20)
HZ^BSOrΓp2q, q ` 1s Ñ Σq`1HΓ¯p2q ^BOpΓp2qq BSOrΓp2q, q ` 1s ,
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where χ is the antipode of the Steenrod algebra and γ1 is the characteristic element of Γp2q (see
Lemma C.2). The FνrΓp2q, qs-homology of the pair pM, BMq fits in the long exact sequence
...Ñ Hp`qpM, BM ; Γ¯p2qq Ñ FνrΓp2q, qsppM, BMq
ÑHppM, BM ;Zq α˜Ñ Hp`q`1pM, BM ; Γ¯p2qq Ñ ... , (D.21)
We have canonical isomorphisms
HppM, BM ;Zq » HompHppM, BM ;R{Zq;R{Zq , (D.22)
Hp`qpM, BM ; Γ¯p2qq » HompHp`qpM, BM ; Γ¯p2qq;R{Zq . (D.23)
We deduce that
FνrΓp2q, qsppM, BMq » HompEpν rΓp2q, qspM, BMq;R{Zq , (D.24)
Although there is no canonical isomorphism, an isomorphism can be fixed universally by choos-
ing a homotopy equivalence between the Brown-Comenetz dual of EνrΓp2q, qs and FνrΓp2q, qs
[42]. (All these constructions are understood fiberwise over BSOrΓp2q, q ` 1s.) Pick an embed-
ding M Ñ Rn for n large enough, and let N M be the normal bundle. Atiyah duality further
ensures that
FνrΓp2q, qsppM, BMq » FνrΓp2q, qsn´ppTN M q , (D.25)
where TN M is the Thom space of N M . Therefore, it is sufficient to construct a canonical
element in FνrΓp2q, qsn´mpTN M q to prove the proposition.
Let MSOrΓp2q, q` 1s be the Thom spectrum of the universal bundle over BSOrΓp2q, q` 1s.
We have the diagram over MSOrΓp2q, q ` 1s
FνrΓp2q, qs HZ^MSOrΓp2q, q ` 1s Σ´q´1HΓ¯p2q ^BOpΓp2qqMSOrΓp2q, q ` 1s
MSOrΓp2q, q ` 1s .
α˜
uF
u cst
(D.26)
where u is an HZ-valued map representing the Thom class. (The labels describe the maps
between the fibers over MSOrΓp2q, q ` 1s.) The properties of the Wu class ensure that α˜ ˝ u is
homotopic to the constant map. Making a universal choice of homotopy, we obtain a homotopy
class of maps uF as shown in (D.26). This means that a W-manifold M is associated to a
canonical class in FνrΓp2q, qsn´mpTN M q, proving the proposition.
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Proposition D.7. Let M as in Proposition D.6, with the additional assumption that M “
M1 \M2 decomposes into the disjoint union of two W-manifolds. Then
rM, BM sE “ rM1, BM1sE ` rM2, BM2sE . (D.27)
Proof. The Mayer-Vietoris sequence associated to the generalized cohomology F rν,Γ, qs defined
in (D.20), together with the fact that M1 XM2 is the empty manifold, yields (D.27).
We recall that the orientation flip is denoted by a minus sign.
Proposition D.8. Let M be as in Proposition D.6. Then
r´M, Bp´MqsE “ ´rM, BM sE . (D.28)
Proof. The Thom class u picks up a sign under orientation flip, which yields the sign in (D.28).
E-homology chains The construction above provides an integration map on the degree m
relative E-cohomology groups of a m-dimensional W-manifold with boundary. We would like
to extend this integration map to arbitrary cochains: this is the analogue to picking a cycle
representative of the fundamental homology class in ordinary cohomology. Unfortunately, we
do not have a model for E-homology in terms of ordinary chains. This comes from the fact
that the cochain model for E-cohomology crucially uses the cup products, and that there is
no analogue of the cup product for chains. One may still try to define E-homology chains (or
"E-chains") as homomorphisms from the cochain group C¯‚pMq into R{Z. It turns out that
this definition, which appeared in a previous version of the present paper, is too naive. The
non-abelian nature of the E-cochain group would require such E-chains to vanish on a large
subset of E-cochains.
The useful definition turns out to be the following. Let M be a m-dimensional W-manifold,
possible with boundary. A degree m E-chain m¯ is a function from C¯mpMq into R{Z subject to
the following constraint. Let s¯i “ psi, yiq P C¯mpMq, i “ 1, 2 and let us write the evaluation of
m¯ on s¯ P C¯mpMq as xs¯, m¯y. We require that
xs¯1 ‘ s¯2, m¯y “ xs¯1, m¯y ` xs¯2, m¯y ` cm¯py1, y2q (D.29)
for some cm¯ : CmpM ; Γp2qq b CmpM ; Γp2qq Ñ R{Z satisfying
cm¯py1, y2q ` cm¯py2, y1q “ xpdy1 Ym´2q`2 dy2, 0q, m¯y (D.30)
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and such that cm¯py1, y2q “ 0 whenever y1 or y2 is closed. The condition (D.29) makes m¯ as
close to a group homomorphism as possible. The necessity of the third term on the right-hand
side can be derived by comparing xs¯1 ‘ s¯2, m¯y and xs¯2 ‘ s¯1, m¯y. There is no obstruction to
the existence of cm¯, although there is no canonical choice. For instance, one can enumerate
all unordered pairs of degree 4 Γp2q-cochains py1, y2q, pick an arbitrary order on each and set
cm¯py1, y2q “ xpdy1 Ym´2q´2 dy2, 0q, m¯y and cm¯py2, y1q “ 0.
E-chains are group homomorphisms when restricted to E-cocycles. A fundamental E-chain
onM is an E-chain whose associated group homomorphism on relative E-cocyles coincides with
the pullback of the integration map on E-cohomology constructed previously. We end this
appendix by enumerating a few properties of fundamental E-chains.
1. Let x¯ be a degree m E-cochain on BM , extending to an E-cochain x¯1 on M , then m¯
induces a closed fundamental E-chain Bm¯ on BM through
xx¯, Bm¯y “ xdx¯1, m¯y . (D.31)
2. A fundamental E-chain m¯ is a group homomorphism when restricted to the subgroup of
E-cochains of the form psˆ, 0q. m¯ therefore has an associated cycle representative mˆR{Z of
the fundamental R{Z-valued homology class of M . We have
xpsˆ, 0q, m¯y “ xsˆ, mˆR{Zy . (D.32)
3. Let fpyˆq :“ xp0, yˆq, yˆ P Cm´qpM ; Γ¯p2qq. Given yˆ1, yˆ2 P Cm´qpM ; Γ¯p2qq, we have
fpyˆ1 ` yˆ2q ´ fpyˆ1q ´ fpyˆ2q “ xdyˆ1 Ym´2q`1 yˆ2 ` yˆ1 Ym´2q yˆ2, mˆR{Zy ` cpyˆ1, yˆ2q , (D.33)
so f is a quadratic refinement of the pairing on Cm´qpM ; Γ¯p2qq appearing on the right-hand
side.1
E Bordism categories of W-manifolds
In this appendix, we define the domain categories of the prequantum theory functor Se and of
the quantum theory functor R.
Bordism category of W-manifolds We define the bordism category B4``3,1W of 4` ` 2-
dimensional W-manifolds as follows.
1We thank Greg Moore for pointing this out to us.
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The objects of B4``3,1W are closed 4` ` 2-dimensional W-manifolds N , endowed with germs
of smooth structures on N ˆ t0u Ă N ˆ r´1, 1s. In the rest of the paper, although we do not
state it explicitly, all the 4`` 2-dimensional W-manifolds are endowed with such germs.
The morphisms from an object N´ to an object N` are triplets pM, θ´, θ`q called 4`` 3-
dimensional W-bordisms. Here M is a 4` ` 3-dimensional W-manifold whose boundary has
been decomposed into two disjoint components: BM “ B´M \ B`M . The restriction from M
to B˘M induce germs of smooth structures on B˘M . θ˘ : ˘N˘ Ñ B˘M are isomorphisms
of W-manifolds preserving the germs of smooth structures on the domain and target. ´N´
denotes N´ with the opposite orientation.
The composition in B4``3,1W of a bordism pM1, θ´1 , θ`1 q from N´ to N with a bordism
pM2, θ´2 , θ`2 q from N to N` is the bordism pM1 \pθ´2 q´1˝θ`1 M2, θ
´
1 , θ
`
2 q obtained by quoti-
enting the disjoint union M1 \M2 by the equivalence relation θ`1 ppq „ θ´2 ppq for p P N . The
compatibility of θ`1 and θ
´
2 with the germs of smooth structures ensure that there is a unique
smooth structure onM1\pθ´2 q´1˝θ`1 M2. Moreover, as pθ
´
2 q´1˝θ`1 is a morphism of W-manifolds,
the local systems of lattice and Wu structure on M1 and M2 induce a W-manifold structure on
M1 \pθ´2 q´1˝θ`1 M2.
The category B4``3,1W is symmetric monoidal, with the monoidal structure given by the
disjoint union of closed manifolds and bordisms. It also admits a involutive functor to the
opposite category given by the orientation reversal of closed manifolds and bordisms. We will
refer to this structure as a dagger structure, although strictly speaking it is slightly more general
than the textbook version of a dagger structure, which requires the involutive functor to act as
the identity on objects.
Bordism category of pW,Zflatq-manifolds We describe here a related category B4``3,1W,flat .
B4``3,1W,flat is the domain of the prequantum field theory functor defined in Section 5.2. It is also
the domain of the quantum field theory R when there is no anomaly.
The objects of B4``3,1W,flat are closed 4`` 2-dimensional W-manifolds N endowed with a germ
of smooth structure as above, as well as a flat differential cocycle yˇ P ZflatN .
The morphisms from an object pN´, yˇ´q to an object pN`, yˇ`q are 4` ` 3-dimensional
W-bordisms pM, θ´, θ`, xˇq endowed with a differential cocycle xˇ P ZflatM,yˇ, where yˇ “
ppθ´q´1q˚pyˇ´q ` ppθ`q´1q˚pyˇ`q P ZBM .
Suppose we have a bordism pM1, θ´1 , θ`1 , xˇ1q, xˇ1 P ZflatM1,yˇ1 from pN´, yˇ´q to pN, yˇq and a
bordism pM2, θ´2 , θ`2 , xˇ2q, xˇ2 P YflatM2,yˇ2 from pN, yˇq to pN`, yˇ`q. The composition of the two
bordisms is given by gluing like in the category B4``3,1W , but we have to describe the differential
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cohomology class carried byM12 :“M1\pθ´2 q´1˝θ`1 M2. To this end, remark that by hypothesis,
pθ`1 q˚yˇ1 “ pθ´2 q˚yˇ2 “ yˇ. This means that xˇ1 and xˇ2 are the restriction to M1 and M2 of a
differential cocycle xˇ12 on M12. We define the composed bordism to be pM12, θ´1 , θ`2 , xˇ12q.
B4``3,1W,flat is a symmetric monoidal category with respect to the disjoint union, and the orien-
tation flip provides a dagger structure in the sense described above.
The category B4``3,1W,flat is based on manifolds and bordisms endowed with a differential cocycle
(a background gauge field), as opposed to a differential cohomology class (a gauge equivalence
class of fields). It is not possible to define straightforwardly a bordism category of manifolds
endowed with a differential cohomology class, because of ambiguities in the definition of the com-
position of bordisms. Suppose we try to repeat the definition above with differential cohomology
classes. Then we will have pθ`1 q˚y1 “ pθ´2 q˚y2 “ y. After choosing cocycle representatives, we
obtain pθ`1 q˚yˆ1 “ pθ´2 q˚pyˆ2 ` dcˆq for some flat differential cochain cˇ on θ´2 N Ă BM2. We can
extend cˇ to M2 by zero and define xˇ12 “ xˇ2 ` dcˇ P ZflatM2 . By construction, we have xˇ12|N “ xˇ1|N ,
where N refers to the gluing locus as a submanifold of M12. So there is a cocycle xˇ12 on M12
that coincides with xˇ1 on M1 and with xˇ2 on M2. The trouble is that the differential cohomol-
ogy class x12 depends on the choice of cˇ. More precisely, if we shift cˇ by a cocycle on N that
does not extend to M1, the differential cohomology class of x12 will change. This is the reason
we endow manifolds and bordism with cocycles and not differential cohomology classes.
Bordism category of pW,Zflat, q-manifolds When the order of Γ is even, the construction
of the state space requires an extra structure  on 4` ` 2-dimensional manifolds, as described
in Section 8.2.
We define a bordism category B4``3,1W,flat, as follows. Its objects are the objects of B4``3,1W,flat
endowed with an extra structure . The morphisms between two objects of B4``3,1W,flat, are the
morphisms between these objects in B4``3,1W,flat after we forget the extra structures.
F Heisenberg groups and modules
We review here a type of Heisenberg groups that are central extensions of finite groups and
their modules. (More general Heisenberg groups are treated in [43] and in Appendix A of [44].)
Alternating pairings on finite groups Let G be a finite abelian group, whose group law
will be written additively. We write g, g1, g2, ... for arbitrary elements of G. We assume that G
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is endowed with a bilinear alternating perfect pairing p‚, ‚qG : GˆGÑ R{Z. We will also write
Bp‚, ‚q :“ exp 2piip‚, ‚qG (F.1)
for the corresponding Up1q-valued bimultiplicative pairing.
A Lagrangian subgroup L of G is a maximal subgroup of G such that pl1, l2qG “ 0 for all
l1, l2 P L. Lagrangian subgroups L,K of G are called transverse if L X K “ t0u, the trivial
subgroup. If L is transverse to K, G » L‘ K.
Heisenberg group Recall that a 2-cocycle on G valued in Up1q is a function φ : GˆGÑ Up1q
satisfying
φpg1, g2qφpg1 ` g2, g3q “ φpg1, g2 ` g3qφpg2, g3q . (F.2)
A 2-cocycle φ is a refinement of B if the commutator associated to φ coincides with B:
φpg1, g2qpφpg2, g1qq´1 “ Bpg1, g2q . (F.3)
Given B, a refinement can for instance be constructed from any pair of transverse Lagrangian
subgroups L and K by defining
φpg1, g2q :“ Bpk1, l2q , (F.4)
where gi “ li ` ki, li P L, ki P K, i “ 1, 2.
A 2-cocycle φ defines a central extension of G by Up1q
1 Ñ Up1q Ñ HeisG Ñ GÑ 1 (F.5)
as follows. As a set, HeisG “ Gˆ Up1q, and the group law is given (multiplicatively) by
pg1, t1q ¨ pg2, t2q “ pg1 ` g2, t1t2φpg1, g2qq . (F.6)
Proposition A.1 of [44] shows that up to isomorphism, HeisG depends only on the pairing B,
and not on the choice of refinement φ. We call HeisG the Heisenberg group associated to pG, Bq.
HeisG satisfies the familiar Heisenberg commutation relations
pg1, t1q ¨ pg2, t2q “ p0, Bpg1, g2qGq ¨ pg2, t2q ¨ pg1, t1q . (F.7)
where 0 is the identity element of G.
The exact sequence (F.5) shows that HeisG is composed of a Up1q-torsor over each g P G,
with the trivial Up1q-torsor over 0 P G. It can therefore be seen as a Up1q-bundle over G, with
a group law lifting the group law of G.
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Heisenberg modules Consider the space CpHeisGq consisting of complex valued functions on
HeisG satisfying fpg, t1tq “ t1fpg, tq, g P G, t, t1 P Up1q. The left and right regular representations
ρL and ρR of HeisG on CpHeisGq are given by
ρLphqpfqph1q “ fphh1q , ρRphqpfqph1q “ fph1hq (F.8)
for h, h1 P HeisGq, f P CpHeisGq. The left and right regular representations have dimension |G|
and are reducible.
The analogue of the Stone-Von Neumann theory states that HeisG has a unique irreducible
representation up to isomorphism (see for instance Lemma A.4 of [44]). It can be constructed
as follows. Lagrangian subgroups of G lift (non-uniquely) to finite commutative subgroups of
HeisG. We call such subgroups of HeisG LL subgroups. Pick a Lagrangian subgroup L of G
and an associated LL subgroup L˜. Let CpHeisGqL˜ be the subspace of functions invariant under
the right action ρRpL˜q. ρL defines a Heisenberg module structure on CpHeisGqL˜ and provides a
realization of the unique irreducible representation of HeisG, of dimension |G|1{2. We study in
great detail the intertwiners between these representations for different choices of Lagrangian
subgroups in Section 8.
G 2-groups and their representations
2-groups Convenient references on 2-groups and their 2-modules are [45, 34]. A weak
monoidal category M is composed of
• A categoryM.
• A functor fromMˆM toM, which we write with a dot ¨.
• An identity object 1 PM.
• Natural isomorphisms aX,Y,Z : X ¨pY ¨Zq Ñ pX ¨Y q¨Z, lX : 1¨X Ñ X and rX : X ¨1 Ñ X,
for X,Y, Z PM. The isomorphisms aX,Y,Z have to satisfy the pentagon identity and we
should also have 1X ¨ lY “ prX ¨ 1Y q ˝ aX,1,Y , see [45] for the corresponding commutative
diagrams.
A weak inverse of an object X PM is an object Y such that X ¨ Y » 1 and Y ¨X » 1, where
» denotes the existence of an isomorphism. X is then called weakly invertible
A weak 2-group is a weak monoidal category in which all the morphisms are invertible and
all the objects are weakly invertible. We have a strict 2-group when the isomorphisms defining
the weak inverses as well as the isomorphisms aX,Y,Z , lX , rX are all identities.
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Another conceptual point of view on 2-groups is the following. We can see a group as a
category with a single object such that all its morphisms are invertible. The elements of the
group being in bijection with the morphisms and the group law is given by the composition
law of morphisms. Similarly, a (weak) 2-group can be seen as a (weak) 2-category [46] with
a single object, all of whose morphisms and 2-morphisms are invertible. The category M of
the previous definition is the category of morphisms from the unique object to itself. The
multiplication functor is given by the composition functor that is part of the definition of a
2-category.
Representations When we picture a group G as a category G, a representation of G is simply
a functor from G to V1, the category of vector spaces. Indeed the unique object of G is sent to
the vector space underlying the representation, and the morphisms of G, which are in bijection
with the elements of G, are sent to endomorphisms of V . The compatibility of this assignment
with the composition of morphisms ensures that we obtain a representation.
This pattern can be copied to define representations of 2-groups. Given a 2-group G, pictured
as a weak 2-category with a single object, a representation is a 2-functor from G to V2, the 2-
category of 2-vector spaces (see for instance Appendix A.2 of [7]).
Such a 2-functor assigns a 2-vector space V to the unique object of G. Assuming that we
trivialized V into a vector of vector spaces, the 2-functor assigns a matrix of vector spaces to
each 1-morphism of G and a matrix of homomorphisms to each 2-morphisms of G.
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